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     It was intended in the present work to study the ionic mass 
transfer  and the natural convective flow in the vicinity of the 
surface of a vertical plane copper cathode during the electrolysis 
of the unstirred aqueous CuSO1 and CuSO -H2SO4 solutions. 
     In the first place, the theoretical equations of the ionic 
mass transfer in the cathodic diffusion layer and the current dis-
tribution on the surface of a vertical plane cathode were derived, 
and the expressions with regard to the maximal velocity of natural 
convective flow, the concentration difference of ionic species be-
tween bulk-electrolyte and cathode surface, the thickness of dif-
fusion layer and the resultant distribution of local cathodic cur-
rent densities were obtained under various electrolytic conditions. 
    The velocity profile of upward natural convection along the 
surface of a vertical plane cathode installed in the unstirred 
aqueous 0.1M CuSO4, 0.6M CuSO and 0.6M CuSO4-1.5M H2SO4 solutions 
was measured. The measurement was made at the cathodic cur-
rent densities below one half of the cathodic limiting current 
density where the local current densities are uniform. The 
maximal velocity of natural convection, um, and the distance be-
tween cathode surface and the position of the maximal velocity,
 ii
 T, increased with the height from the lower edge of cathode. 
When the cathodic current density was raised, u
m increased and T 
decreased at any height on the cathode. 
     In O.1M CuSO1+ solution, um is lower than in 0.6M CuSO4 solu-
tion, and. it can not be explained from the change of property con-
stants of both solutions. The parameter n which is the ratio 
of thickness of diffusion layer, d1, to T is larger in O.1M CuSO14 
solution, and it is indicated that d1 is larger in this solution 
because T is virtually unvaried in both solutions. This larger 
61-value in O.1M CuSO14 solution may be attributed to the higher 
diffusivity of CuSO14 in the solution. 
     Furthermore, both u
m and T were lower in 0.6M CuSO14-1.5M H2S014 
solution as compared with the aqueous 0.6M CuSO1
4 solution. The 
density distribution near the cathode surface in the above two so-
lutions was calculated. From the comparison of the distribution 
of density in both solutions, it was suggested that the upward 
natural convection is depressed in the acidified CuSO1
4 solution by 
the downward gravitational force due to the accumulated H ion in 
the outer portion of the diffusion layer. 
    The concentration profile of CuSO4 in the cathodic diffusion 
layer which is accompanied by the upward natural convection along 
the cathode surface was measured by holographic interferometry in 
aqueous 0.05M and O.1M CuSO1
4 solutions, respectively. The meas-
urement was carried out at various heights from the lower edge of 
cathode. The cathodic current density was also varied.
 iii 
Experimental results obtained at the current densities far lower  • 
than the limiting value were in good agreement with the theoretical 
value which was derived under the assumption that the distribution 
of the current density is uniform. 
     Furthermore the profile of the refractive index in the cathod-
ic diffusion layer of an aqueous solution containing 0.05M CuS014 
and 1.85M H2SO4 was measured at various heights from the lower edge 
 of cathode and at various cathodic current densities up to the 
 limiting value. The theoretical expression for the difference 
 of the refractive index between cathode surface and bulk-electro-
lyte was derived. Experimental results were in good agreement 
with the theoretical value in the whole region of the cathodic 
current density up to the limiting value. 
Measurement was also made with the aqueous solutions contain-
ing 1.85M H2SO4 and 0.01, 0.02, 0.03, 0.04 and 0.05M CuSO4, re-
spectively, at their cathodic limiting current densities, and 
H2SO4 concentration at the cathode surface was estimated from the 
interferogram. The estimated H2SO4 concentration was compared 
with the theoretical value, and it was found that they are fairly 
well coincident with each other. 
    Finally, the distribution of local cathodic current densities 
on a vertical plane cathode was measured with the miniature probes 
imbedded in the cathode plate. In the electrolysis of aqueous 
solutions of 0.1M CuSO4-1.0M H2S02 and 0.1M CuS0 -1.85M H2SO4' the 
local cathodic current densities were uniform in the vertical di-
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  rection at lower average cathodic current densities. 
      The local current densities decrease along the height from the 
  lower edge of cathode when the average cathodic current density is 
  raised, and it is proportional to  the -1/1+th power of the height
  at the cathodic limiting current density. It is in good ac-
  cordance with the previous works. The theoretical distribution 
  of cathodic current densities in the aqueous solution of 0..',M 
CuSO4-1.85M H2SO/1 was calculated, and it was demonstrated that 
  both theoretical and experimental results are in excellent agree-
  ment with each other. 
       From the measurement with the aqueous solutions of O.1M CuSO4-
  O.1M H2SO4, O.1M CuSO14-0.01M H2SO4 and O.1M CuSO)4, it was revealed 
  that the distribution is uniform in the vertical direction in the 
  region of the average cathodic current density lower than one half 
  of the limiting value. This is due to the lower electric con-
  ductivity of the solutions of low acid concentrations. At the 
  cathodic limiting current density, the dependance of the local 
  current densities on the vertical distance from the lower edge of 
  cathode was fairly lower than the theoretical prediction. It
  is presumably because of the turbulent natural convective flow in 
  the upper portion of the cathode which is caused by the hydrody-
  namic resistance at the surface of the rough electrodeposit.
 V
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1                CHAPTER  1 INTRODUCTION 
    The electrolytic refining and winning have widely been em-
ployed in the hydrometallurgical process for the extraction of 
common metals such as copper and zinc. High purity copper is 
obtained from the electrolytic refining process of crude copper 
manufactured from the pyrometallurgical process of matte smelting 
and converting. More than half of the total production of me-
tallic zinc in Japan is attributed to the electrolytic winning of 
zinc from aqueous solution containing zinc sulfate and sulfuric 
acid. 
    These processes of electrolytic refining and winning possess 
an advantage over the pyrometallurgical process that the metals 
of high purity can easily be obtained at low temperature by ap-
plying the electric energy. However, an important engineering 
problem ) in the electrolytic process is the limited productivity 
of metals per unit area of the electrolytic bath. This is be-
cause the electrolytic reaction occurs only on the surface of 
electrode. 
    Recently, this problem of lower productivity in the electro-
lytic process was recognized, and many attempts have been made to
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overcome the problem: the electrolytic refining and winning at 
higher current densities were studied, and they have been brought 
into practice in various electrolytic plants?) 
     It is known that the current distribution on the surface of 
electrode usually becomes uneven when higher current densities 
are applied. It may cause an undesirable side reaction at the 
locations of higher current densities: growth of needle-shaped 
metal on the cathode surface may cause a  short-curcuit between 
both electrodes at the extremely higher current densities. 
     It is desired that the electrolytic refining and winning are 
conducted at a current density of uniform distribution to the 
possible extent in order to avoid the undesirable side reactions. 
The same requirement is also imposed on the electrolytic plating. 
From this reason, many theoretical and experimental works have 
been made on the current distribution on the electrode surface 
since more than thirty years ago. 
Kasper was the first worker who theoretically studied this 
problem of current distribution, and his works published in 1940 
on the current distribution in the electrolytic bath is regarded 
as an origin of the electrochemical engineering. He applied 
the potential theory to obtain the current distribution and cal-
culated the current distribution in the electrolytic bath of var-
ious forms by solving the Laplace equation 
v2(I)=0(1.1) 
under the appropriate boundary conditions.
3     In the investigations of the current distribution based on 
the potential theory, it is convenient to take account of the  fol-
lowing four items. 
(1) When a potential is applied between the two electrodes 
       placed in an aqueous solution of uniform composition, the 
       current distribution is primarily determined by the geomet-
      rical form of the electrolytic bath and electrode and by 
       their relative arrangement. 
   (2) The chemical polarization is developed on the surface of 
       both electrodes during the electrolysis. 
   (3) The potential drop due to the ohmic law is established in 
       the electrolyte. 
(4+) The composition of the electrolyte is not necessarily uni-
      form within the electrolytic bath. 
    The calculation made by Kasper for the first time was the 
current distribution in which only the above-mentioned item 1 was 
taken into consideration, and it is generally called as the pri-
mary current distribution. Thereafter, the primary current 
distribution for the electrolytic bath and electrode of various 
geometrical forms and relative arrangements were calculated by 
many workers4,5,6) by solving the Laplace equation by means of 
the Fourier analysis or the conformal mapping under the appropri-
ate boundary conditions. In addition, these results of theo-
retical calculation have also been compared with the experimental 
results in which the alternating current was applied.
 4
     A direct current is applied in the electrolytic refining, win-
ning and plating, and consequently the chemical polarization is 
developed on the surface of the electrodes. It was empirically 
 shown that when the direct current is applied, the current dis-
tribution on the surface of electrodes becomes different from the 
above mentioned primary current distribution: it is more uniform 
when the magnitude of chemical polarization is comparable with 
the ohmic potential drop within the bulk-electrolyte or it predom-
inates the potential drop between both electrodes. The current 
distribution in which the chemical polarization is also tahen into 
consideration is called as the secondary current distribution. 
     The theoretical secondary current distribution on the surface 
of electrodes is obtained by solving the Laplace equation under 
the boundary condition that the potential of the electrolyte at 
the electrode surface is equal to the potential of the electrode 
plus the chemical polarization potential which is a function of 
the current density on the electrode. 
    Ishizaka et al8'9)carried out the theoretical calcule:tion 
of the secondary current distribution in two cases that the chem-
ical polarization is of the Tafel-type and that it is linear with 
regard to the applied current density, respectively. Further-
more, they also measured the distribution of the local current 
densities on the electrode surface in order to identify the re-
sults of their theoretical calculations based on the potential the- 
ory.         Wagneralso conducted a theoretical calculation in
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order to clarify the effect of chemical polarization on the local 
concentration of the current at the edge of the electrode. 
     Furthermore, it is  known that the composition of electrolyte 
is rarely uniform within the electrolytic bath during the elec-
trolysis: it is observed that a thin liquid layer of different 
composition from the bulk-electrolyte is formed on the surface of 
electrodes. This thin liquid layer is called as the diffusion 
layer. When this diffusion layer is taken into consideration, 
the current distribution on the surface of electrode cannot be 
obtained by merely taking account of the above items 1 and 2. 
This current distribution is affected not only by the above-men-
tioned geometrical factors and chemical polarization but also by 
the ionic mass transfer between the electrode surface and the 
bulk-electrolyte. 
    The electrolytic refining, winning and plating are often con-
ducted on a vertical plane cathode placed in the unstirred or gen-
tly stirred electrolyte. Under this electrolytic condition, 
the ionic concentration in the electrolyte is lowered near the 
cathode surface due to the electrodeposition. This concentra-
tion difference between the bulk-electrolyte and the cathodic dif-
fusion layer yields a lowered density of the electrolyte in the 
diffusion layer, and it results in an upward natural convective 
flow along the cathode surface. On the contrary, the downward 
natural convective flow is developed along the anode surface. 
    Then the natural convection caused by the concentration dif-
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ference should be taken into consideration in the studies of 
ionic mass transfer in the diffusion layer near the surface of a 
vertical plane electrode. In addition, it should be noted 
that the process of the mass transfer in the diffusion layer is 
composed of the diffusion due to concentration difference and the 
electric migration due to potential gradient between both  elec-
trodes`. 
    When the electrolysis is conducted on the surface of a ver-
tical plane cathode in an unstirred electrolyte, the upward natu-
ral convection on the cathode surface plays an important role in 
the steady progress of electrodeposition11,12) Due to the 
electrodeposition of a metallic ion on the cathode surface, the 
concentration of the ion is lowered near the cathode surface. 
Then the ion is supplied from the-bulk-electrolyte to the cathode 
surface, and the electrolysis is continued. If the electrolyte 
is completely stagnant, the ionic mass transfer from the bulk-
electrolyte to the cathode surface consists only of the ionic 
diffusion and the electric migration. Under this electrolytic 
condition, the concentration of the reacting ion at the cathode 
surface becomes very low after only a few minutes from the start 
of the electrolysis. Then the undesirable side reaction such 
as the evolution of hydrogen gas may occur on the surface of 
cathode. 
    However, it is known that a relatively higher current density 
can be applied at the steady state without the evolution of hydro-
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gen gas when the electrolysis takes place on a vertical plane cath- 
ode. This is explained as follows11,12) the upward natural 
convective flow along the cathode surface drags the bulk-electrolyte 
to the vicinity of the cathode surface,  and the growth of the 
cathodic diffusion layer is depressed below a certain thickness, 
which results in a shorter length of diffusion path. 
     It is seen from the above considerations on the electrolysis 
with a vertical plane cathode that the natural convection along 
the cathode surface plays an important role not only in the ionic 
mass transfer near the cathode, but also in the attainment of a 
relatively higher cathodic current density at the steady state. 
     Since the vertical plane cathodes are often used in the indus-
trial electrolysis, it is also important from the industrial view-
point to clarify the mechanism of ionic mass transfer in the 
cathodic diffusion layer which is accompanied by the natural con-
vection in vertical direction. The ionic mass transfer in the 
cathodic diffusion layer is also interesting from the theoretical 
point of view because it is composed not only of the diffusion 
caused by the concentration gradient but also of the electric mi-
gration due to the potential gradient. 
    Since it was recognized13,14,15) that the natural convection 
along the surface of a vertical plane electrode plays an important 
role in the electrolysis of an unstirred electrolyte, numerous 
theoretical and experimental studies have been made on the veloc-
ity profile of the natural convective flow in the hydrodynamic
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                  16,17) (
velocity) boundary layer,on the concentration profile in 
the diffusion  layer18,19,20) and on the resultant distribution of 
local current densities on the electrode surface21.22.23.24) 
    In 1949, Wagner14) first revealed a theory of the distribu-
tion of limiting current density in vertical direction on the sur-
face of a vertical plane copper cathode, which is solely deter-
mined by the rate of mass transfer of Cu2+ ion in the cathodic 
diffusion layer. He also measured the average limiting current 
density on the vertical plane copper cathode of different heights 
and demonstrated that the experimental results were in excellent 
agreement with the theory. Thereafter, other workers 
also measured the average cathodic limiting current density on the 
surface of cathode of various forms and sizes in the electrolysis 
of the solutions of different composition at various temperatures. 
The general correlation of the data was represented by the non-
dimensional equation in term of the Sherwood, Schmidt and Grashof 
numbers. These experimental results are in agreement with the 
theoretical values predicted from the theory of ionic mass trans-
fer in the boundary layer which is accompanied by the free con-
vective flow. 
    Industrial electrolytic refining, winning and plating are 
conducted below the cathodic limiting current density. Asada 
et al~3) proposed a theoretical procedure of calculating the dis-
tribution of the local current densities in vertical direction on 
a vertical plane cathode which is installed in an unstirred elec-
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trolyte. In order to verify the theoretical distribution of 
the cathodic current densities, Asada weighed the electrodeposited 
copper after cutting it into slices in horizontal direction. 
This measurement was made only under a limited experimental con-
ditions, and they are supposed to be insufficient to confirm the 
validity of the theoretical calculation. 
    A few experimental studies have been made, on the other hand, 
to measure the concentration profile of  CuSO4 in the diffusion 
layer near the cathode surface. However, the thickness of this 
diffusion layer is only about 0.1 cm or less, and the measurement 
was difficult. Precision of the measurement by applying the 
freezing method conducted by Brenner18'19) is supposed to be in-
sufficient. An optical measurement using a technique of the 
Jamin interferometry was proposed by Ibl20) In this measure-
ment, however, the required optical precision imposed on the di-
mension of the electrolytic cell is so strict that only the elec-
trolytic cell of smaller size can be used because of the diffi-
culties in the preparation: Ibl measured the concentration profile 
of CuSO4 at a height of only 0.9 cm from the lower edge of the 
cathode. 
    Moreover, only very few experimental works16,18) have been 
carried out on the velocity profile of the natural convection, 
though this measurement is indispensable for the theoretical cal-
culations of the ionic mass transfer in the cathodic diffusion 
layer and the resultant current distribution. It is known
                                                 10 
that the kinematic viscosity of aqueous solutions is of a  magni-
tude 10-2 cm2/s, and the diffusivity of solute is 10-5 to 10-6 
cm2/s, and the thickness of the hydrodynamic boundary layer is 
fairly larger than the diffusion layer. 
    The industrial electrolytic refining of copper is conducted 
in an electrolyte containing CuSO4 and H2SO4; sulfuric acid is 
added to raise the electric conductivity of the electrolyte. 
During the electrolysis, H+ ion which is dissociated from the sul-
furic acid migrates toward the cathode surface and is accumulated. 
in the cathodic diffusion layer21'25) The accumulation f 
sulfuric acid may affect the natural convective flow and the ion- 
ic mass transfer in the cathodic boundary layer17,26) With 
regard to this problem, only a few theoretical studies have re-
cently been made by Newman et al. 
    From what were mentionedabove, it may be said with regard 
to the electrolysis of the unstirred electrolytes containing 
CuS0 and CuSO4 plus H2SO4 with the vertical plane cathode that 
only a few theoretical and experimental works have been carried 
out on the ionic mass transfer in the cathodic diffusion layer 
and on the resultant distribution of the local current densities 
in the region of the current density lower than the limiting value, 
although much more works have been made at the cathodic limiting 
current density. 
    It is intended in the present work to study the ionic mass 
transfer and the natural convection in the boundary layer near
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the surface of a vertical plane copper cathode during the electrol-
ysis of unstirred aqueous  CuSO4 and CuSO4 H2SO4 solutions. 
One experimental feature of the present work is that the optical 
methods are employed to measure the concentration profile and the 
velocity profile of' natural convection in the cathodic boundary 
layer; by applying these optical techniques, it becomes feasible 
to conduct the measurements without disturbing the boundary layer. 
Among them, the holographic interferometry27,28,29) is employed 
to measure the concentration profile of CuSO in the cathodic dif-
fusion layer- One major experimental advantage of this tech-
nique is the employment of common-path interference which is dif-
ferent from the conventional two beam interference employed in 
the Jamin20) and the Mach-Zehnder30) interferometries. Because 
of this advantage, it becomes possible to measure the concentra-
tion profile along the surface of a taller plane cathode installed 
in a large electrolytic cell of lower optical precision. 
    The theoretical equations of the ionic mass transfer in the 
cathodic diffusion layer and the current distribution on the sur-
face of a vertical plane cathode are derived in Chapter 2. 
The following plausible assumptions have often been made in the 
previous works14,25,31,32) with regard to_ the velocity profile of 
natural convection and the concentration profile in the cathodic 
boundary layer, respectively, in order to derive the theoretical 
expressions of ionic mass transfer which is accompanied by the 
natural convection. They are as follows.
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     velocity profile: 
          u=UOI2~-(~I0SySbl(1.2)              lI 
      or 
           u= U (1 -  z 
     concentration profile: 
01=01(1— ~)(1.1) 
According to Ibl et al., however, more sophisticated assumptions 
are made in the present work concerning the velocity and concen-
tration profiles, and the theoretical expressions are derived on 
.the ionic mass transfer and the distribution of local current 
densities on a vertical plane cathode placed in the unstirred so-
lutions containing CuSO4 and CuSO -H2SO . 
     Next, in Chapter 3, the natural convection along the surface 
of a vertical plane cathode is measured. From the measurement 
of the velocity profile, the maximal velocity of the natural con-
vection and the horizontal distance between the cathode surface 
and the position of the maximal velocity are obtained, and their 
dependances on the cathodic current density and on the height 
from the lower edge of cathode are discussed by comparing them 
with the theoretical values, respectively. 
    The concentration profiles of Cu6014 and H2SO4 in the cathod-
ic diffusion layer are studied in Chapter 4 by applying a tech-
nique of holographic interferometry. The correcting procedure
13
of the optical distortion of the beam due to the  concentration 
gradient in the diffusion layer is also described. The concen-
tration differences of CuSO4 and H2SO4 between the cathode surface 
and the bulk-electrolyte and the thickness of the cathodic diffu-
sion layer are obtained, and their dependances on the cathodic 
current density and on the height from the lower edge of cathode 
are discussed by comparing them with the results of theoretical 
calculation, respectively. 
    Finally, in Chapter 5 the distribution of the local cathodic 
current densities is studied. It is measured by using several 
miniature electrodes imbedded in vertical direction in the host 
cathode. The experimental results are discussed by comparing 
the experimental results with the theoretical values. The ef-
fect of H2SO4 on the distribution of the local cathodic current 
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CHAPTER 2 THEORETICAL EXPRESSIONS OF CATHODIC CURRENT 
DISTRIBUTION AND IONIC MASS TRANSFER IN 
CATHODIC DIFFUSION LAYER
2.1 Introduction
    It is known regarding a system in which an electrochemical 
reaction is involved that the processes of mass transfer in the 
electrolyte take place  in addition to the electrode reaction, and 
they are closely related with each other. Then the theoretical 
expressions of ionic mass transfer in the cathodic diffusion layer 
and the current distribution on the cathode surface are to be de-
rived by taking the ohmic potential drop in the solution, the 
changes of ionic concentrations and natural convective flow near 
the cathode surface and the cathode reaction into consideration: 
it is assumed that the solution is unstirred and the convective 
flow is laminar. 
    The majority of the previous works concerns the following 
two simplified electrolytic systems. One is the systems in 
which the ohmic potential drop in the solution can be neglected. 
In these systems, the resistance to the ionic mass transfer in
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the bulk-electrolyte is  neglected, and the ionic mass transfer in 
the cathodic diffusion layer and the distribution of cathodic cur-
rent densities are solely determined by the resistance to the mass 
transfer in the cathodic boundary layer, and the same principles 
as those applied to the problems of heat transfer and mass trans-
fer in the non-electrolytic solutions have been employed. As 
one of these systems, the electrolysis of copper conducted at the 
cathodic limiting current in a solution containing excessive a- 
mount of supporting electrolyte like H2SO4 is mentionedl'2'3) 
At the cathodic limiting current density, the concentration of 
Cu2+ ion is regarded as being zero at the cathode surface, and 
the situation is further simplified. 
    At the current densities far lower than the limiting value, 
on the other hand, the current distribution on the cathode sur-
face is determined by.the ohmic potential drop in the solution 
and the chemical polarization, and the resistance to the ionic 
mass transfer in the cathodic boundary layer is neglected. 
Thus the situation is again simplified. This is another system 
which many previous workers also investigated. The potential 
theory developed in the electrostatics and the theory of steady 
heat conduction have directly been applied'S'6)The electrode 
kinetics are used as the boundary condition for obtaining the 
integrated rate equation, and this is different from those encoun-
tered in the other applications of the potential theory. 
    At the intermediate cathodic current densities between the
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limiting value and the current densities far lower than this value, 
on the other hand, the situation becomes more complicated. The 
 diffusional and convective mass transfer of ions is essential, and 
furthermore, neither the cathode reaction nor the ohmic potential 
drop in the bulk-electrolyte can be neglected. Thus all these 
resistances are to be considered7,8) for deriving the theoretical 
expressions. 
    The rate of electrodeposition of an ion on a vertical plane 
cathode is more or less affected by the rate of convective ionic 
mass transfer near the cathode surface. Wagner investigated 
the convective ionic mass transfer under the condition of cathod-
ic limiting current density by applying the theory of boundary 
layer which was developed in the fluid mechanics. Asada 
et a1. pursued the above-mentioned problem of intermdediate na-
ture in which the electrolysis is conducted at the cathodic cur-
rent densities moderately lower than the limiting value. 
They took the ionic mass transfer, the cathode reaction and the 
ohmic potential drop in the bulk-electrolyte into consideration 
and combined them by applying the continuity of transfer of elec-
tric charge. They calculated the distribution of current den-
sities on the surface of a vertical plane cathode during the 
electrolysis of an unstirred electrolyte. Electrodes were in-
stalled at each end of a rectangular electrolytic cell. 
    The calculation of convective ionic mass transfer in the 
cathodic boundary layer toward a vertical plane cathode is usually
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carried out with the same procedure as the computation of the rate 
of heat transfer, since the basic differential equations for both 
cases are of the similar  form. In order to integrate the 
Navier-Stokes equation and the mass balance equations of ions and 
electrolyte within the cathodic boundary layer, the arbitrary 
plausible assumptions1,8,10,11,12) have been made with regard to 
the velocity profile of natural convective flow and the concentra-
tion profile near the cathode surface. Integration was carried 
out according to the method proposed by von Karman and 
Pohlhausen13,11+) 
    The velocity distribution of natural convection of electro-
lyte near the vertical plane cathode is schematically illustrated 
in Fig. 2.1. The velocity is zero at the cathode surface, in-
creases until a maximal velocity is reached and then decreases 
again to zero in the bulk-electrolyte. The comparatively small 
region near the cathode surface in which the upward natural con-
vective flow primarily occurs is called as the hydrodynamic (or 
velocity) boundary layer. Similarly, the cathodic diffusion 
layer is defined as the region in which the ionic concentration is 
significantly different from the bulk-electrolyte. It is also 
demonstrated in Fig. 2.1. 
    The ratio of the path of propagation of a non-uniformity of 
momentum to the path of propagation of a non-uniformity of con- 
centration is of the order of (V/D);/2 or, about 30 for the spe-
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of the  hydrodynamic boundary layer is expected to be much greater 
than the thickness of diffusion layerl'15) From the similar 
consideration, the thickness of diffusion layer for a certain ion 
may be different from those for other ions. 
    In order to simplify the calculating procedure, the simpli-
fied functions have been assumed for the velocity and concentra-
tion profiles, respectively, and a plausible assumption that all 
the thickness of diffusion layer for each ion and of hydrodynamic 
boundary layer are same was employed by many previous workers.'9) 
When these over-simplified functions were employed, however, 
the velocity and concentration profiles in the cathodic boundary 
layer can not exactly be described, even though it might be possi-
ble to explain the dependances of the local cathodic current den-
sity and the thickness of diffusion layer on the height from the 
lower edge of cathode. Furthermore, the actual thickness of 
the cathodic diffusion layer is much smaller than that of the hy-
drodynamic boundary layer due to the values of the diffusivity of 
ions and the kinematic viscosity of the aqueous solution which 
were mentioned above. Thus, it is desirable to provide a more 
sophisticated functions for the velocity and concentration pro-
files in the cathodic boundary layer for the calculation of the 
ionic mass transfer and the current distribution. In the pre-
sent work, the generalized functions are used to express the ve-
locity and concentration profiles in the cathodic boundary layer 
according to Ibl et a115)  The parameters involved in these
23
functions were determined 
tration profiles.
from the  measured velocity and concen-
 2~+ 
                      2.2 Basic Equations 
    A schematic diagram of the ionic mass transfer and the natu-
ral convective flow of electrolyte in a rectangular cell contain-
ing unstirred electrolyte is illustrated in Fig. 2.2. The ver-
tical plane electrodes of a height H are installed at each end of 
the cell which is filled with the electrolyte up to the same height 
as the electrodes. The flux of an ionic species in the elec-
trolyte is caused by the migration in an electric field, the ionic 
diffusion due to the concentration gradient and the natural con-
vection in the cathodic and anodic boundary layers. It should 
be noted that the ionic flux in the bulk-electrolyte is due only 
to the electric migration. 
    The potential distribution in the rectangular electrolytic 
cell is schematically demonstrated in Fig. 2.3. The broken 
line AB'C'D' represents the potential distribution before the 
start of electrolysis: the lines AB' and C'D' represents the equi-
librium electrode potential, respectively. The distribution 
of potential during the steady electrolysis under an applied ter-
minal voltage V is shown by the line ABCD. The cathodic and 
anodic over-potentials are expressed as 
      -(AB' - AB) = -(E
c - Ee) = Cc(x,O)(2.1) 
and 
(DC - D'C') = (Ea - Ee) = V - cPa(x,b)(2.2) 
respectively. In these equations,
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potentials of  electrolyte at the cathode and anode surfaces, re-
spectively. The notations x and y are the distance in vertical 
and horizontal directions as shown in Fig. 2.2, respectively-
The origin is located at the lower edge of cathode surface. 
Furthermore, the notation V' in the diagram represents the ohmic 
potential drop in the electrolyte in which the concentration over-
potentials at the surface of both electrodes are involved. 
    In order to obtain the resultant equations of ionic mass 
transfer and current distribution on the cathode surface, the equa-
tions regarding the natural convective flow, the ionic mass trans-
fer and the charge transfer are to be solved simultaneously to-
gether with the rate equation of electrode reaction. Assuming 
that the width of electrodes is infinite and the electrolysis is 
conducted at the steady state, these basic equations are described 
as follows. 
    With regard to the motion of electrolyte within the hydrody-
namic boundary layer, the velocity of natural convective flow is 
determined from the Navier-Stokes equation and the continuity 
equation12) They are 
                                      z 
     p(uax+ v-)= -g(p -*p) +u(Dp (2.3) 
and 
    )t-t.-I-a=0(2 .4) 
respectively. 
    With regard to the ionic mass transfer, the mass balance of
28
 an ionic species i at the steady state within an infinitesimal 
volume element yields the following differential conservation  e-
quation. 
                                   C     -k.2aC"-u.—acai)-u~•-va=0 (2.5)            laa~i ~axDe 
To a very good approximation, the electrolyte is presumed to be 
eleCtrically neutral and 
  Ezici= 0(2.6) 
   . 
i except for the diffuse part of the double layer formed adjacent 
to the interface between the electrode and the electrolyte' 
    The current density in the electrolyte is determined by the 
motion of charged ionic species. A charge balance for all ion-
ic species within an infinitesimal volume element leads to the 
following equation. 
FEz.k.V2c. + KV2(I) = 0(2.7) 
Since the thickness of diffusion layer near the electrode surface 
is far smaller than the distance between both electrodes, it can 
be said from Eq. (2.7) that the potential distribution in the 
electrolyte is given by the following Laplace equation: 
a2c6 az43(2
.^) a x2, a v.0 
Euqation (2.8) is valid when the gradient of the diffusion poten-
tial is neglected as compared with the ohmic potential drop, and 
the electric conductivity, K, is constant within the electro-
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lyte7'8) 
    For the rectangular cell in which the vertical plane elec-
trodes are installed at both end, the boundary  condition of Eq. 
(2.8) on the surface of each electrode is expressed as 
 y = 0 and y = b, i = K(a)/ay)(2.9) 
where b is the distance between both electrodes. Another bound-
ary condition at the bottom and at the surface of the electrolyte 
is as follows. 
 x = 0 and x = H, a4/ax = 0(2.10) 
Equation (2.8) is solved under the boundary conditions of Eq. (2.9) 
and (2.10) by applying a technique of Fourier analysis. The 
origin of the potential is chosen to satisfy the following rela-
tionship. 
  ci)
c(x,0) = -(Ec-Ee)                                                (2.11) 
0a(x,b) = V - (Ea - Ee) 
where V is the applied terminal voltage. Equation (2.11) is 
self-consistent when the potential drop within the electrode ma-
terial is neglected and the equilibrium emf of the cell is null. 
    Then the solution of the Laplace equation (2.8) is obtained 
as follows: 
                 0o S1L 
               AcavzII\ —kJ`°sx 
  0(x,Y) =c ,av+ — Mk' sl`SJi nSTC                    s~~N 6) 
  ~H 
X cosk  .."f4) t#) c ta(X— co4 ` *-ha(')cosjt t 
0 
                                                (2.12)
J
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Assuming that the distance between electrodes is infinite, we
have
 4(x,Y) = (Pc,av+,(c;ay.
co 
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       2.3 Electrolysis of an Aqueous  CuSO4 Solution 
    Theoretical derivation of the resultant equations of ionic 
mass transfer and current distribution on the cathode surface dur-
ing the steady electrolysis of an aqueous CuSO4 solution is im-
portant as the basis for the theoretical investigations, though 
the electrolysis of aqueous CuSO4 solution is rarely employed in 
the industries. 
    Integration of Eq. (2.3) concerning the upward natural con-
vective flow along the cathode surface under the boundary condi-
tions of 
y = 0, u = 0 and v = 0 
(2.14) 
y = Q, u = 0 and (au/ay) = 0 
together with Eq. (2.4) yields 
         ~          Q  (r 
u2dy =-gJ *P dy- *v(~~)~0(2.15) 
The following approximation with which the density of electrolyte 
is related to the composition may be valid]) 
       p-*P  
      J = Ea (c. - *ci)(2.16) 
where 
             ai= 
     finp(2
.17) 
                      A The parameter c . is called as the densification coefficient for 
the species i in the electrolyte. In the aqueous CuSO4 solu-
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tion, the density  is  dependent solely on the concentration of Cu2+ 
ion due to the electroneutrality in the solution. Then the in-
tegrated Navier-Stokes equation is rewritten as: 
  ~Q 
     dz 1u2c~y=-otlgl(cl - *cl)dy - *v ~u,)y-0(2.18)    !!
00 
    Next, the integration of Eq. (2.5) regarding the mass balance 
of Cu2+ ion under the boundary conditions of 
y = 0, c= °cl 
                                             (2.19)
Y = l' el*el 
yields 
Si 
dxucldy = -[J1 ]0(2.20) 
        0 where J1is the mass flux of Cu2+ ion along the y-direction. 
It is demonstrated as 
     Jl=-k1('- clul(?(A                a-/+ vcl(2.21) 
Since the thickness of the diffusion layer is far thinner than the 
distance between both electrodes, the term of potential gradient, 
(Way), in Eq. (2.21) can be expressed by the term of ionic con-
centration8) under the assumption that the electric force line is 
parallel to the y-axis in the cathodic diffusion layer, which im-
plies that the current density, i, is constant along this axis. 
Then the right-hand side of Eq. (2.20) is written as 
61       -[J
1]0 - J1,Y=0 - J1,Y=a1
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                c(41)~,F+ ~ u l laly=6- (~'vcl)(2.22)                                 13r=61 
because the mass flux of Cu2+ ion on the cathode surface (y=0) is 
expressed as the local cathodic current density and the concentra-
tion gradient of Cu2+ ion is zero at y=61. Furthermore, the 
current density at y=61 is related to the mass flux of all ionic 
species as follows. 
i = F(Ez.J.)  y_6   
       =-F(Ez.*ciui)P()~6+ (vFEz.*c.)(2.23) 
     Q11 
Since the second term on the right-hand side of Eq. (2.23) is 
eliminated due to the electroneutrality of the solution, we have 
the following equation with regard to the potential gradient at 
y=61. 
    Cd V:s Z?tLC' 
On the other hand, the integration of Eq. (2.1) yields the follow-
ing equation 
              ((a,    (v*cl)~6=-(izJ*cludy(2.25) 
    1 0 
By substituting Eq. (2.21) and (2.25) in Eq. (2.22), we have 
    -[J ] = - A Z'*C'u' + iec tidy(2 .26)       1 G z
^ F z,F r*c. a, otx 1 
Z4 4 A. 0
 34 
Furthermore, the transference number of ionic species i is de- 
finedi6) as 
t ._ --------------ZA C4 k4(2.27)      1 ~+ iCzuti 
A Equation (2.27) is substituted in Eq. (2.26), and the substitution 
of the resultant equation in Eq. (2.20) yields 
      J        (
u(cll - *c)dy- 1I-*zi)(2.28) 
  JI,F 
D 
    In order to further integrate Eq. (2.18) and (2.28) which 
are the integrated Navier-Stokes equation and the mass balance 
equation of Cu + ion, respectively, it is assumed according to 
Ib1i5) that the concentration profile of CuSO4 in the diffusion 
layer and the velocity profile of upward natural convective flow 
in the hydrodynamic boundary layer are expressed by the following 
equations: 
                     W 
     01 = O1(1 -)     l(2.29) 
and 
    u= ((C) for 0<y<T 
         T-1 
                                                (2.30) 
    u=uml11-£TJ for T<y<'(E+1)T                     = _ 
respectively. In these equations, 0
1 *cl - cl, el *cl °C1, 
dl= flT andR= (c+1)T. 
    Substitution of Eq. (2.29) and (2.30) in Eq. (2.18) and (2.28) 
yields upon integration
35 
1 °'1 _ (*v7T1um 
0
      J w4+t,J12S10l-i /15`,(2.31) 
and 
NtiPi of E) d (u0 S)_ ,I-~i)(2.32) (T-/) dxm 1 1~~ 
respectively. The term on the left-hand side of Eq. (2.18) is 
much smaller than each term on the right-hand side of the same 
      1,15) 
equation,and it was omitted in Eq. (2.31). The notation 
(1)(a,b,c,d) in Eq. (2.32) is 
              Gi+Z4+2      ~(a,b,c,d) _ c(b-11,rtb1- C--/-a-Fz -IJ 
              ba(a+1)(a+z)C 6-11 do c(6-i) 
                         c+1                - b8
1/b(c+1, a+1)(2.33) 
and 
~p(q,r) = tq-1(1 - t)r-ldt(2.34) 
0 By eliminating um from Eq. (2.31) and (2.32), we have 
     ~(wr~~~T~ E) o(,$ oL 3.02)(1-*'i)  
       z(SlOl) _~~(2.35 )     (w,+1)-Ny 
    The mass transfer equations of Cu2+ ion and SO ion at the 
cathode surface, on the other hand, are written as17) 
                  1     F- k1(C~y)y=0+ cui(a)y=0(2.36)    Qv 
and 
      (plc/o10   0=k-cu 2all(2.37) )y=02ldv y=0
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respectively. The first  and second terms on the right-hand 
side of Eq. (2.36) and (2.37) represent the rate of mass transfer 
due to diffusion and migration, respectively. After eliminat-
ing the term (0/dy)y=0 in Eq. (2.36) and (2.37) which represents 
the potential gradient at the cathode surface, we have 
       iF= DI(c2-9c(y=0(2.38) 
                       U where 
                     Uz         *t




The concentration of CuSO1, c, is equal to the concentration of 
Cu2+ ion,c1.Then substitution of Eq. (2.29) in Eq. (2.38) 
yields 
w'110,= 2tz(2.41) 
    It is noted that Eq. (2.35) and (2.1+l) are the basic equations 
of mass transfer in the cathodic diffusion layer which is accom-
panied by the upward natural convection. 
    The solution of the simultaneous Eq. (2.35) and (2.41) under 
the assumption that 0
1 = *cl, for example, represents the distri-
bution of the local current densities in vertical direction and 
the thickness of the diffusion layer at the cathodic limiting cur-
rent density. The solution under the assumption that the cur-
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rent density,  i, is uniform in vertical direction on the cathode 
surface, on the other hand, is related to the electrolysis at the 
current densities far lower than the limiting value. Further-
more, by combining Eq. (2.35) and (2.41) with the solution of the 
Laplace equation in the form of V20 = 0 under the appropriate 
boundary conditions which represent the potential distribution 
within the electrolytic cell and with the rate equation of the 
electrode reaction, it becomes possible to obtain the general so-
lution which holds in the region of intermediate cathodic current 
densities. 
      2.3.1 Electrolysis at the limiting current density 
    In the electrolysis at the cathodic limiting current density, 
the concentration of Cu2+ ion,°c1,is nearly equal to zero at the 
cathode surfacel'2)and the calculation is simplified. By 
eliminating i from Eq. (2.35) and (2.41), and employing the rela-
tionship of 01 = *cl, we have 
4(4407,7t,E) oC 3=(01):
(w1+l)/2A*V *c1cCxS1(2.42) 
The integration of Eq. (2.42) under the boundary conditions of 
x=0, 61=0 
                                            (2.43)
x= x, 61 = 61 
yields
38
            u.Dik^  11/1+1/4  d
l = 1E13~C',C1Jx 
and 
        7,F Ds his (360111/1+5/4..-1/14      i
d=**z~EI4)'*vJc1 
where 
(c0+) )W, 1/14 
    Eli(
io,q,%, e )/z 
The average cathodic limiting current density over the 
height, H, is obtained from Eq. (2.45) as 
i ,FD,  ,  3A  1/45/4 ,-1/4 i
d,av 3*tz 1E) 4-r,'r`)1c1 
Furthermore, the Grashof number3) of 
'c *G, N 3     Gr = *
1) 
and the average Sherwood number3) in the form of 
     Sh=kay.1  
     ay]~~ 
where the average mass transfer coefficient, k
av, over 
surface of the cathode is defined as 
)0,c 'k' Z 
F= kavcl 
are employed together with the Schmidt number of 
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   Shav = l.21FI(Sc•Gr)1/(2.52) 
                      i 
    2.3.2 Electrolysis at the current densities of uniform 
            distribution on the cathode surface 
    When the cathodic current density is far lower than the lim-
iting value, it is presumed that the local current densities are 
regarded as being equal from bottom to top of the cathode surface: 
                                                                                                                                                                                                                                       • it wasobserved18,19) that the current density is virtually uni-
form when it is lower than about  one-half of the limiting value. 
Under this condition of i = const, the following expressions of 
the concentration difference in the cathodic diffusion layer and 
its thickness are obtained from Eq. (2.35) and (2.).1) as 
~c = 0 = +iFz *Xz (z,F,i)D,z 11/5i4/5x1/5 (2.53)           1 wl~~FD,104 *1-2. f 
and 
d = t~E (Fi F*v,z1/5i-1/51/52qei*Zz 
wheredJ(2.51+) 
            Wrz(Wr+1)A   E -4 
 2(2.55) ^]
,,E) 13 
respectively. Furthermore, the modified Grashof number15) in
the form of 
   G*tzz4  r_. 
      zr F *^zD1(2.56 )
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 and the Sherwood number2) of 
Shx = ---------D
i x(2.57) 
where the mass transfer coefficient, kx, is defined as 
*72' = k Ac(2 .58) 
71-F x 
are employed together with the Schmidt number of Eq. (2.51), and 
Eq. (2.53) and (2.54) are rewritten as 




    With regard to the maximal velocity of the natural convective 
flow, on the other hand, Eq. (2.53) and (2.54) are substituted in 
Eq. (2.31), and we have 
    m = (~ -1)A2($a'Z l2/5D1/5i2/5x3/5(2.61) 
where 
  _ /W^ S                                              (2.62)     A2r64)/0, AP X4 ( ).+01' j 
Furthermore, the distance between the position of the maximal ve-
locity, u
m, and the cathode surface is obtained from Eq. (2.54) 
as 
t =E2riF**Di~si-1/5x1/5(2.63) 
    C
 141 
 Equations (2.61) and (2.63) are rewritten as the following non-
dimensional equations by using the modified Grashof number and 
Schmidt number defined above. 
 umX= A(Sc•Gr*)2I5(2.64) 
  p~2 
and 
  X= E2(Sc•Gr*)-1/5(2.65) 
respectively. 
   2.3.3 Electrolysis in the intermediate region between 
          the cathodic limiting current density and the 
           uniform current densities 
    Presuming that the cathodic current density at a height x, 
c(x), is known, the thickness of cathodic diffusion layer at the 
height x, 61(x), is obtained from Eq. (2.35) and (2.41) as 
      ~' z   61(x) = n•E2• (TPIz)fj(X)2J(t)dt}1/5 (2.66) 
                                     The rate equation of the cathode reaction is represented as 
ic(x) = ie f(i)t'Eo(~~(_E~-Ee)l-exp)71-ot)(Fc-Fe))(2.67) 
By eliminating °c from Eq. (2.67) and (2.41), and substituting Eq. 
(2.11) in the resultant equation, we have
 42
       Ae (Poci~F(tx,o)est)r_(—d)z,F4(.o) 
                    ~) 
    jCRT1`RT  i(x) _(2.68)    c 
tAe*t2'cs(x)  axpact F, F¢(x,c)l         w,,Fp1*~c,RT/ 
When it is assumed that the distance betwe'en both electrodes is 
sufficiently large, 4(x,0) is obtained from Eq. (2.13) as follows. 
op 
/   cp(x,0) = (P(x,0)av —TCk`)coSSHx(c(t)c~,sS7c~.ot(2.69)      s.iN 
Thus, the thickness of cathodic diffusion layer, Si(x), and the 
distribution of current density on the cathode surface, i
c(x), are 
obtained by solving the simultaneous Eq. (2.66), (2.68) and (2.69): 
calculation was conducted by employing a technique of successive 
approximation. An example of the steps of the successive ap-
proximation is as follows: 
Step 1: A certain value of cb(x,O)
avis given together with the 
       temperature and the composition of the electrolyte as the 
       electrolytic conditions, instead of the terminal voltage
         V. 
Step 2: Assuming an appropriate value of i
c(x), q(x,0) and S1(x) 
      are calculated from Eq. (2.69) and (2.66), respectIvely. 
Step 3: New set of numerical values of current distribution , ic(x), 
      is calculated with Eq. (2.68) by employing the numerical
      values of 4(x,0) and 61(x) calculated in the step 2. 
Step 4: These new values of i
c(x) are employed, and the calcula-






 successive calculation is continued until the consistent 
distribution, ic(x), is obtained within a predetermined 
range. Substituting these values of i c(x) in Eq. (2. 





2.4 Electrolysis of an Aqueous CuSO4-H2SO4 Solution 
    The industrial electrolytic refining and plating of copper 
are often conducted in an unstirred or gently stirred electrolyte 
containing CuSO4 and H2SO4, and it is important to derive the re-
sultant theoretical expressions of the ionic mass transfer in the 
cathodic diffusion layer and the current distribution on the cath-
ode surface. The ionic mass transfer in this mixed electrolyte 
is also of theoretical interest because of the presence of an in-
different electrolyte of H2SO4 which does not take part in the 
cathode reaction. 
    It is assumed in the following theoretical derivation that 
the dissociation of CuSO4 and the first stage dissociation of 
H2SO4 into H+ and HSO4 are complete in the electrolyte and the 
second stage dissociation of HSO4 into H+ and SO4 is incomplete: 
the latter dissociation is determined by the second stage disso-
ciation constant K2' It is also assumed that the electrolyte 
contains an excessive amount of H2SO4. Then the density of the 
electrolyte is expressed by using the concentrations of Cu2+ and 
H ions because of the electrical neutrality in the solution and 
the dissociation equilibrium of HSO4. 
    The integrated Navier-Stokes equation is derived as 
   01fu2ay = lg (cl-*cl)dy + a2g(c2-*c2)dy - *v(41")(2.70) 
000
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from Eq. (2.15). The subscripts 1 and 2 in this equation de-
note Cu2+ ion and H+ ion, respectively. 
    Furthermore, the mass balance equations of Cu2+ ion and H+ 
ion are written as 
   -1A-fu(c - = --------------- 
0(:t 11Z F 
       0 
          _-kl(~~,~0(2.71) 
and
-iSz fu(c2*c2)dYz(2.72)  0z~ 
respectively. In order to integrate Eq. (2.70) to (2.72), Eq. 
(2.29) and (2.30) are again employed to demonstrate the velocity 
profile of natural convection and the concentration profile of 
Cu2+ ion, respectively. The concentration of H+ ion is ex-
pressed by the following equation. 
                    w 
  82= 02(1 -----)20SySd2(2.73) 
In this equation, 82 = *c2 - c2, 02 = *c2 - °c2 and a = d2/S1. 
    Substitution of Eq. (2.29), (2.30) and (2.73) in Eq. (2.70) 
yields 
   0=(("69. )  0 +( Ot2)d 0 -C~~1*i 1um(2.7k) 
      GO 1 1Wz+i/2 2T-1 J S' 
Similarly, substitution of Eq. (2.29) and (2.30) in Eq. (2.72) 
yields
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        7-1)dxm1   ( 1 
We also have from Eq. (2.30), (2.73)  and (2.72) 
      (wz,o-ti 1F) of (u0) = - `*z(2.76) 
(!a(xm2a2zF 
When the concentration of H2SO4 is sufficiently high, the follow-
ing approximation holds (see Appendix A). 
   ~dez`y=o=_Y~~B~~y=o(2.77) 
where 
     _(14a)°Cz Y(2 .78) 
         2.(1+a)ti 4(I+2_60°C2, 
and the notation a in this equation demonstrates the degree of 
dissociation of HSO14. 
    From Eq. (2.29) and (2.73), we have 
  02 = -yv --0l(2.79)              to
z
Substitution of Eq. (2.79) in Eq. (2.75) and (2.76) yields 
     vli(w,a'^Ae) _ -~* z ~(w,n,a,e)(2.80)      2~ ~
z~l-~,~~)1 
The parameters w, w2, n, a, a and a are involved in this equation 
and the parameter a is determined when the former five parameters 
are given. 
    By eliminating u
m and 02 from Eq. (2.7l), (2.75) and (2.79), 
we have
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 10413 E)73A3302) ----------- 
        nzA:3(1)Gx(dlol) —'~'F(2.81) 
where 
E —(4,W~~w«tl—N~ Wz~Wzt~~(2.82) 
Furthermore, substitution of Eq. (2.29) in the right-hand side of 
Eq. (2.71) yields 
011Z, ~((1-'1'4)  
      (5-1 01=41P(2.83) 
    Equations (2.81) and (2.83) are the basic equation of ionic 
mass transfer in the cathodic diffusion layer which is accompanied 
by the upward natural convection in the electrolyte containing 
CuSO4 and H2SO4. 
2.4.1 Electrolysis at the limiting current density 
    When the electrolysis takes place at the cathodic limiting 
current density, the concentration of Cu2+ ion at the cathode sur- 
face is regarded as being zerol'2)Then the following equation 
is derived from Eq. (2.81) and (2.83) . 
(ivt, rh Al E) ------- cgs 3 =(2 .84) )
JzT *^ ctz I6, 
Integration of Eq. (2.84) under the boundary conditions of Eq. 
(2.43) yields
 18
     d= nE41,*^ ~µx1/4     13 (3p*Ci 
By substituting Eq. (2.85) in Eq. (2.83), we also have 
                                                                                                                                                        • 
   ld (1—)*#El3c----------)V4                     ~a2~ 
whereV 
to, i 
IE3 (•:417%,F) ~z 
Furthermore, the cathodic average limiting current density 
the whole cathode height is 







2.1.2 Electrolysis at the current densities of uniform 
                distribution on the cathode surface 
       When the electrolysis is conducted at the current densities 
   far lower than the limiting value, the local current densities are 
   regarded asbeing equal along the height of the cathode18'19) 
   Under this condition, the following expressions concerning the con-
... centration difference, 01, and the thickness of the diffusion lay-
  er, dl, are obtained from Eq. (2.81) and (2.83) as
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    Ac =  0 = 7F4  (l-*Zr)ki'F4,z).4/5x1/5(2.89)     l 1cos ZrferC() 
and
r.p 
     = r~E~'r*vi S-1/5x1/5(2.90) 
respectively-, where 
               z 
                 rs 
  E4=wr
3(2.91) 
    On the other hand, the substitution of Eq. (2.89) and (2.90) 
in Eq. (2.74) yields the expression of the maximal velocity of the 
upward natural convective flow along the cathode surface. It 
is 
    u= (A — 1)A0(I^*Z)315k1/5i2/5x3/5(2.2   m4rF*V)19) 
where 
  A4 =.3 to(2.93) 
          Cw~A~E)Az 
    The distance between the position of the maximal velocity and 
the cathode surface is derived from Eq. (2.90) as 
Y 
   T = E~F*V rz -1/5X1/5(2.94)        4 ( ...*
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 2.4+..3 Electrolysis in the intermediate region between 
            the cathodic limiting current density and the 
            uniform current densities 
    With the similar procedure mentioned in 2.3.3, the expression 
of the thickness of the cathodic diffusion layer, the rate equation 
of the cathode reaction and the equation of the cathodic potential, 
(1)(x,0), are derived. They are 
z d(x) = (ux2ftdt115 (2.95) 
0 fexp (0/ziRT<x,0)\-eXp(-G-d)RT~(xo~)}   i (x) _`(2.96) 
         + le<<,*x*)~~~P(ot~i F0)1 
        vsT./0jRT/ 
and 
oo 
(1)(x,o) = (I)av(x,0)—sJ cosxIA(-4)C65ZLt(2.69) 
S-I0 
respectively. The technique of successive approximation men— 
tioned in 2.3.3 is also applied for calculating the thickness of 
cathodic diffusion layer, dl(x), and the distribution of current 
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CHAPTER 3 VELOCITY DISTRIBUTION OF NATURAL CONVECTIVE 
FLOW IN CATHODIC BOUNDARY LAYER
                       3.1 Introduction 
    It is indispensable to study the velocity profile of natural 
convective flow along the surface of a vertical plane cathode 
placed in the unstirred electrolyte for clarifying the distribution 
of the current densities, because the industrial electrolytic re-
fining and plating of copper are often conducted in the unstirred 
or gently stirred electrolyte containing  CuSO4 and H2SO4. 
    In the procedure of applying the von Karman-Pohlhausen method 
for obtaining the natural convective flow and the ionic mass 
transfer near the cathode surface, the concentration profile of an 
ion in the cathodic diffusion layer has often been approximated 
• as1,2,3,4) 
   9i=oi(l-~)2(3.1) 
Regarding the velocity distribution of the natural convective 
flow in the cathodic hydrodynamic boundary layer, on the other 
hand, the following approximations have been made by the previous 
workersl'2'3)         ' They are
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      u= UoL 2 -(s)2for 0SyS6(3.2) 
and 
     u= U (1-)2 for 0 y 5 6 (3.3) 
    As seen in Eq. (3.2), for example, it was postulated that the 
velocity increases to the maximum at the outer edge of the diffu-
sion layer (y = 6) and it decreases to zero at y = 26. Thus it 
is indicated in Eq. (3.2) that the thickness of the hydrodynamic 
boundary layer is twice larger than the diffusion layer. Ac-
cording to Eq. (3.3), on the other hand, the velocity reaches to 
the maximum at y = 6/3 and decreases to zero at y = 6: it is pos-
tulated that the thickness of diffusion layer and hydrodynamic 
boundary layer are equal. 
    When either Eq. (3.2) or Eq. (3.3) is employed in the theo-
retical calculation according to the von Karman-Pohlhausen method, 
the same results are obtained with regard to the dependances of 
the maximal velocity of natural convection, the ionic concentration 
difference between bulk-electrolyte and cathode surface, and the 
limiting current densities upon the height from the lower edge of 
cathode. The same dependances are also obtained with regard 
to the maximal velocity of natural convection and the ionic con-
centration difference upon the cathodic current density. How-
ever, the maximal velocity calculated by Eq. (3.2) is more than 
twice larger than the calculated value due to Eq. (3.3) whea a 
uniform concentration is assumed in vertical direction on the
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cathode surface. The cathodic current densities are also af-
fected by the assumed velocity profiles. Substantially differ-
ent values of the maximal velocities are obtained in the case of 
uniform local current densities along the cathode surface, which 
depend on whether Eq. (3.2) or Eq. (3.3) is assumed. 
    On the other hand, it was revealed from the theoretical con-
siderations by  Wagner that it is very likely that the thickness 
of hydrodynamic boundary layer is much larger than the diffusion 
layer. This was later confirmed by the experimental studies 
of Ibl et al. They also found that the calculated maximal 
velocity and the limiting current density both due to Eq. (3.3) 
are in much better coincidence with the experimental data than Eq. 
(3.2)6) is assumed: it seems strange that an unsubstitutional as-
sumption of Eq. (3.3) leads to a better agreement with the exper-
imental results. 
    In order to obtain a better insight about the influence of 
the assumptions on the velocity and concentration profiles upon 
the theoretical calculation, Ibl et al) further calculated the 
maximal velocity of the natural convective flow by using the gen-
eralized functions of velocity and concentration profiles in the 
forms of Eq. (2.29) and Eq. (2.30), respectively. They also 
measured the velocity profile of natural convective flow during 
the electrolysis of aqueous 0.6M CuSO4 solution by applying the 
dark field method, and compared the experimental results with 
theoretical calculation.
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    Based on the above-mentioned considerations, the velocity pro-
file of natural convective flow along the cathode surface is stud-
ied in the present work during the electrolysis of the aqueous 
 0.6M and O.1M CuSO1 solutions. Experimental results are com-
pared with the theoretical calculation and with the experimetnal 
results obtained byIbl et al6 ) The effects of CuSO1 concen-
tration on the velocity profile are also considered. Further-
more, the velocity profile of natural convective flow is measured 
with a solution containing 0.6M CuSO and 1.5M H2S0l
i, and the 
effects of H2SO4 on the velocity profile are examined.
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                    3.2 Experimental 
        3.2.1 Experimental Arrangement and Procedure 
    The velocity profile of upward natural convective  flow along 
the cathode surface was measured by filming the motion of colopho-
nium particles dragged along by the convective flow with a cine-
camera. The experimental arrangement is schematically illus-
trated in Fig. 3.1. A helium-neon gas laser emitter of 10 mW 
output was used as the light source. The emitted beam was en-
larged to a parallel beam of about 1.2 cm in diameter by an ex-
pander E and lens L1 (f = 200 mm), and was transmitted into the 
electrolytic cell near the cathode surface. The silhouette of 
suspended colophonium particles was filmed with a Bolex H 16 re-
flex cinecamera. By using a lens L2 (f = 200 mm), the silhouette 
near the cathode surface was magnified about 10 times on the film. 
    The electrolytic cell is demonstrated in Fig. 3.2. The 
inner dimension of the cell was 0.7 cm thick, 5.8 cm wide, and 
20 cm high. Both anode and cathode are copper bar 0.5 cm 
square and 26,cm long. Except for the portion on the facing 
surface of both electrodes between the height of 3 and 17 cm from 
the lower edge of cathode, the remaining part was insulated by 
coating PVC resin. 
    In order to obtain the exact velocity profile from the motion 


































(a) (b) unit: mm
 Fig. 3.2 Electrolytic cell and cathode holder
 6o 
surface parallel to the incident beam. In order to realize 
this, a revolvable cathode holder was employed, and after the cell 
wall on the light-entrance side was adjusted to be at right angles 
to the incident beam, the cathode was gently revolved and main-
tained at a position where the enlarged silhouette of the cathode 
surface on the screen VS recedes farthest. The focus of the 
cinecamera was fixed at the middle point of the cell thickness 
because the optical distortion is minimal which is caused by the 
gradient of refractive index established in the cathodic diffusion 
layer during the electrolysis. It is also thought that the 
effect of cell wall on the natural convective flow is minimal at 
this point. 
    All measurements were carried out at 23° ± 1°C. Colopho-
nium particles of about 10 pm size were poured into the electro-
lyte. With completely stagnant conditions, the electrolysis 
was started, and the steady state regarding the natural convection 
was attained within 20 minutes. After this period was passed, 
the motion of colophonium particles was filmed. By comparing 
the position of the same particle on the films exposed in an in-
terval of a few seconds, the transferred distance of the particle 
in vertical direction was measured and the velocity of natural 
convective flow was obtained. Measurements were conducted be-
low the cathodic current density of 1 mA/cm2, which is far lower 
than the limiting value, and the local cathodic current densities 
were regarded as being uniform throughout the cathode surface .
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    Analytical reagent grade  C  uSO4•5H20, H2SO4 and deionized wa-
ter were used, and the aqueous CuSO4 and CuSO4-H2S0) solutions 
were prepared. Colophonium particles of about 10 pm size were 
prepared by sedimentation and centrifugation. A micro-photo-
graph of colophonium particles is shown in Fig. 3.3. 
                  3.2.2 Experimental Results 
A. Aqueous CuSO4 solution 
    The measuredvelocity profiles of natural convection in aque-
ous 0.6M CuSO4 and o.1M CuSO4 solutions are demonstrated in Fig. 
3.4 and 3.5 and in Fig. 3.6 to 3.8, respectively. 
    The velocity profiles in the former solution at the heights 
of 1.5, 2.5, 7 and 11 cm from the lower edge of-cathode are sum-
marized in Fig. 3.I. The average cathodic current density was 
maintained at 1 mA/cm2• As seen in this figure, m and T in-
crease with the height, and the hydrodynamic boundary layer grows 
downstream. The velocity profiles in the same solution at the 
average cathodic current densities of 0.05, 0.1, 0.5, 1 and 3 
mA/cm2 at a height of 7 cm are demonstrated in Fig. 3.5. It 
is clear from this figure that u
mincreases and T decreases when 
the cathodic current density is increased. Furthermore, from 
the comparison of Fig. 3.1 and 3.5 with the corresponding experi-
mental results of Ibl et a16) it was revealed that both velocity
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profiles are in excellent coincidence with each other within the 
horizontal distance between 0 and T, though the experimental re-
sults obtained in the present work are somewhat lower than  Ibl et 
al. in the outer region beyond T. 
    The measurement of velocity profile in the aqueous 0.1M CuSO4 
solution was conducted at the average cathodic current densities 
of 0.5, 1, 3 and 4 mA/cm2 at the heights of 2.5, 7 and 11 cm from 
the lower edge of cathode surface, respectively, and they are dem-
onstrated in Fig. 3.6 to 3.8. It is again seen in these figures 
that both u
m and T increase with the height from the lower edge 
of cathode and that um increases and T decreases when the average 
cathodic current density increases. The former variation of nat-
ural convection indicates that the hydrodynamic boundary layer 
grows downstream. The latter variation is, on the other hand, 
due to the increased difference in the density of solution between 
bulk-electrolyte and diffusion layer at higher current densities. 
It was also observed that the convective flow becomes slightly 
turbulent at the height above 11 cm from the lower edge of cathode 
when the average cathodic current density higher than 4 mA/cm2 is 
applied. 
    By comparing u
m and T in aqueous 0.1M CuSO4 solution with 
those in aqueous 0.6M CuSO4 solution, it was found that u
m is ev-
idently lower in 0.1M CuSO4 solution, although no significant dif-
ference was found in T-values. 
    The reproducibility of the velocity profile measurement was
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good in the inner portion of the  hydrodynamic boundary layer be-
tween y = 0 and T. However, it became fairly poor in the outer 
portion of y > T. The natural convection in this outer portion 
is much more affected by the possible motion of the bulk-electro-
lyte. 
B. Aqueous CuSO4-H2SO4 solution 
    The measured velocity profiles of the natural convection in 
0.6M CuSO4-1.5M H2SO4 solution are demonstrated in Fig. 3.9 to 
3.12. The measurement was carried out at the heights of 1.5, 
2.5, 7 and 11 cm from the lower edge of cathode at the average 
cathodic current densities of 0.05, 0.1, 0.5, 1 and 3 mA/cm2, 
respectively. It is seen in these figures that similar tend-
encies regarding the current density and height were observed as 
in the aqueous CuSO4 solutions. Furthermore, a more precise 
comparison revealed that um and T are lower in the acidified so-
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                      3.3 Discussion 
    In the first place, the measured natural convection in the 
aqueous  0.6M CuSO4 solution was compared with the experimental 
results of Ibl et al6) In order to achieve this comparison, 
the dimension of the electrolytic cell used in the present work 
was chosen to be the same as Ibl et al6) The property con- 
stants of the electrolytes10-16) used in the following calcula-
tions are summarized in Table 3.1. Diffusivity of CuSO4 was 
measured by a modified Lamm scale method using moire pattern 
(see Appendix B). 
    The dimensionless uux/D1 and T/x in the aqueous 0.6M CuSO4 
solution were calculated from the measured u
m and T shown in Fig. 
3.4 and 3.5, and log(umx/D1) and log(T/x) were plotted against 
log(Sc•Gr*) in Fig. 3.13 and 3.14, respectively. Assuming 
that the slopes of the regression lines are 2/5 and -1/5 from Eq. 
(2.64) and (2,.65), respectively, the intercepts at log(Sc.Gr*) = 
0 were calculated by the least squares method. The parameters 
A2 and E2 in Eq. (2.64) and (2.65) were found to be A2 = 1.09 and 
E2 = 1.45 with the aqueous 0.6M CuSO4 solution, respectively, 
which are in good agreement with A2 = 1.04 and E2 = 1.63 obtained 
by Ibl et al., respectively- 
    Furthermore, Ibl tal6) determined th  parameters appearing 
in Eq. (2.29) and (2.30) as w1 = 2.3, A = 1.7, D = 2.1 and e = 10. 
In order to ascertain the A-value, u/u
mwas plotted againstt,y/T
75
Table 3.1 Property constants used in the calculation
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in Fig. 3.15. According to  Eq. (2.30), the plot of u/um against 
y/T within the distance T from the cathode surface composes an 
identical curve. Though the plot in Fig. 3.15 is somewhat scat-
tered, it can be said that all of the experimental data virtually 
cluster around a single curve. The best fitted A-value was ob-
tained as 1.3. The numerical value of 1.7 obtained by Ibl et 
al6) is also within the variation of the experimental data. 
     In the next place, the natural convection in the aqueous 0.1M 
CuSO4 solution is examined. From the experimental values of m 
and T obtained from Fig. 3.6 to 3.8 and the property constants of 
the electrolyte demonstrated in Table 3.1, log(umx/D1) and log(T/x) 
were calculated, and they were plotted against log(Sc.Gr*) in Fig. 
3.13 and 3.14, respectively, together with the experimental re-
sults with the aqueous 0.6M CuSO4 solution. As seen in these 
figures, the experimental data obtained with the aqueous 0.1M 
CuSO4 solution also satisfy the prediction from the theory: (umx/ 
D1) and (T/x) are proportional to the 2/5th and -1/5th power of 
(Sc•Gr*), respectively. Presuming that the slope of the regres-
sion line is 2/5 and -1/5, respectively, the intercepts A2 and E2 
of Eq. (2.64) and (2.65) at log(Sc.Gr*) = 0 were calculated by the 
least squares method. They are 
A2 = 0.81 and E2 = 1.46 
When they are compared with the numerical values of A2 = 1.09 and 
E2 = 1.45 obtained with the aqueous 0.6M CuSO4 solution and with 
A2 = 1.04 and E2 = 1.63 obtained by Ibl et a1.6)  it may be said
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that E2-values are fairly well coincident with each other within 
the experimental error. On the other hand, A2-value  obtained 
in the aqueous O.1M CuSO4 solution is evidently lower than the 
other two values obtained with aqueous 0.6M CuSO4 solution. 
Since the experimental error in the measurement of um is fairly 
minor as compared with T, it may not be appropriate to presume 
that this difference in A2-values is due to the experimental error. 
The following considerations were made. 
     When the property constants of aqueous O.1M CuSO4 solution 
are compared with 0.6M CuSO14 solution shown in Table 3.1, D1, a1 
and *t1 are higher and V is lower in 0.1M CuSO4 solution. 
Presuming that the parameters in Eq. (2.29) and (2.30) are unvaried 
in both solutions, it was disclosed from the calculation that u 
m 
in O.1M CuSO4 solution is about 10 percent higher than that in 
0.6M CuSO4 solution, which is contrary to the experimental result 
of Fig. 3.13. 
    Then it is supposed that the parameters in Eq. (2.29) and 
(2.30) are affected by the change of CuSO4 concentration, and it 
was tried to determine the parameters so as to fit the obtained 
values of A2 (= 0.81) and E2 (= i.16), respectively_Among 
the parameters, e which influences the slope of velocity profile 
in the outer portion of hydrodynamic boundary layer has no sig- 
nificant effect on the estimation of u
mand T6)and it was assumed 
to be 10. Furthermore, the parameter which determines the 
concentration profile of CuSO4 was assumed to be 2.3 from the ex-
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perimental results which will be mentioned in Chapter  4. Then 
the other parameters A and n were varied at an interval of 0.1 in 
the region of 1.0 to 2.9 and 1.2 to 4.1, respectively, and A2- and 
E2-values were calculated using each combination of these two pa- 
rameters. Thus the combinations of parameters which yield the 
values of A2 and E2 coincident with 0.81 and 1.46, respectively, 
were pursued. The results are summarized in Table 3.2. As 
seen in this table, several combinations of A and n were obtained 
with which the above requirements were satisfied. In these 
combinations, A-value is 1.4 to 1.5 and n-value is 2.5 to 2.7. 
     Then the appropriateness of these numerical values were exam-
ined. With regard to A-value, the experimental values of (u/um) 
in the inner portion of the hydrodynamic boundary layer (0  y S T) 
were calculated from Fig. 3.6 to 3.8, and they were plotted a-
gainst (y/T) in Fig. 3.16. According to Eq. (2.30), this plot 
composes an identical curve. Though the experimental plot in 
Fig. 3.16 is somewhat scattered, it may be said that all of the 
experimental data virtually cluster around a single curve, and the 
above-mentioned A-values are in the middle of experimental data. 
With 0.6M Cu8O4 solution, the A-value was obtained at 1.3 in 
the present work, and Ibl et a1.6) obtained 1.7. They are also 
within the variation of the present experimental data. 
    The numerical values of n shown in Table 3.2, on the other 
hand, are about 1.2 to 1.3 times larger than n-value of 2.1 ob-
tained by Ibl et al.6) with 0.6M CuSO4 solution. Since T-value
82
Table 3.2 Estimated parameters which are 
the experimental data
fitted to
wl  A e A2 E2
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obtained with  O.1M CuSO4 solution is coincident within the experi-
mental error with those of the present work and Ibl et a1.6) both 
obtained with 0.6M CuSO4 solution, it is indicated that the thick-
ness of cathodic diffusion layer in aqueous O.1M CuSO4 solution is 
1.2 to 1.3 times larger than that in 0.6M CuSO4 solution. 
    In order to verify this presumption, the following calculation 
was made. From Eq. (2.41), we have 
= 40121F D,01(3 .4) 
                                               Presuming that the parameter col is unvaried in aqueous O.1M and 
0.6M CuSO4 solutions,the term, (w1z1F/i) on the right-hand side of 
this equation is constant at a given cathodic current density. 
    From the experimental results of holographic interferometry 
which will be described in Chapter 4+, the concentration difference 
of CuSO4 between bulk-electrolyte and cathode surface, 81, in the 
aqueous 0.1M CuSO4 solution is less than 0.05M under the present 
experimental conditions. This value of 01 may also be valid in 
aqueous 0.6M CuSO4 solution. The diffusivity of CuSO1 e;t, the 
average concentration of 0.075M and 0.575M in the diffusion layer 
of these aqueous solutions is 6.42 x 10-6 cm /sec and 1+.45 x 10-6 
cm2/sec, respectively (see Appendix B). As seen in Table 3.1, 
the variation of transference number of Cu2+ ion due to the dif-
ference in CuSO4 concentration in the diffusion layer may be o- 
mitted11,12) Then the ratio of thickness of the diffusion 
layer in aqueous O.1M and 0.6M CuSO4 solutions is calculated as
                                           85 
follows. 
 6(0.1M) 6.42 x 10-6 x o.05 x (1 - 0.29) 
61(0.6M) 4.45 x 10-6 x 0.05 x (1 - 0.36) 
                  = 1.6 
    Though this value is slightly higher than the above-mentioned 
value of 1.2 to 1.3, it may be said that the lower u
m-values in 
aqueous 0.1M CuSO4 solution than in 0.6M CuSO4 solution are attrib-
uted to the higher n-value in the former solution which is mainly 
due to the higher diffusivity of CuSO4 in this solution. 
    Then the considerations were directed to the natural convec-
tion in the solution containing CuSO4 and H2SO4. By comparing 
Eq. (2.92) with Eq. (2.61) and Eq. (2.94) with Eq. (2.63), re-
spectively, it is seen that the term al in Eq. (2.61) and (2.63) 
of the aqueous CuSO4 solution was essentially replaced with the 
term in Eq. (2.92) and (2.94) of the aqueous solution containing 
Cu6O4 and H2SO4. The term which is represented by Eq. (2.82) 
indicates that the concentration gradient of H ion in the cathod-
ic diffusion layer has an inverse effect on the natural convection 
as compared with Cu2+ ion. Thus Eq. (2.29) and (2.94) involve 
an additional parameter a, and it is not possible to rewrite them 
into the dimensionless expressions. Instead, it is desirable 
to transform these equations into the forms of 
       ux = p' ~?(I-'i~kl/5(ix4)2/5(3.5)           F 
   mv 1
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whereY5 
    A' = (A - 1)qw,(3.6) 
 I3(1011 rh T, .)A2 J 
and 
       * 2-------------- 4     T/x =E' )(X)_h/5(3.7) 
where 
E' = E(3.8) 
respectively. 
     The numerical values um and T were obtained from Fig. 3.9 to 
3.12, and log(umx) and log(T/x) were plotted against log(ix4) in 
Fig. 3.17 and 3.18, respectively. The slopes of regression 
lines were assumed to be 2/5 and -1/5 from Eq. (3.5) and (3.7), 
and the intercepts were calculated and demonstrated in Fig. 3.17 
and 3.18, respectively. It is clear from these diagrams that 
umand T becomes lower in the acidified solution. 
     The parameters wl, w2, r, A and s were determined so as to 
fit to the obtained intercepts of 
       A'[g(1 - *tl)/z1F*v]2/5ki/5 
and 
        E'[z1F*vk2/gE(l - *t)]1/5 
respectively. The property constants of electrolyte used in 
the calculation are summarized in Table 3.3. With regard to 
the diffusivity of Cu2+ ion, the diffusivity of CuSO4 in 0.6M 
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 Appendix B). Among these parameters, a has no significant ef-
  fect on the estimation of um and T6), and it was presumed to be 10. 
  It was also assumed that wl is equal to w2 as the first approxi-
  mation. Degree of the second stage dissociation of H2S0It in 
  this solution, a, was presumed to be 0.29 (see Appendix C). 
  Regarding the parameters w, A and 21, they were varied at an in-
  terval of 0.05 in the regions of 2.0-3.0, 1.2-3.0 and 1.4-3.0,
  respectively, and the above-mentioned intercepts of Eq. (3.5) and 
  (3.7) were calculated using each combination of these four param-
  eters. The combinations of parameters which yield the calcu-
  lated intercepts coincident with the experimental ones were pur-
  sued. The results are summarized in Table 3.4+. 
       As seen in this table, several combinations of parameters 
  were obtained with which the above requirement was satisfied. 
  It is seen that the fitted a-value is 1.54 in these calculations. 
  The diffusivity of H+ ion is higher than Cu2+ ion and the diffu-
  sion layer of H+ ion is thicker. Then a is higher than unity. 
  On the other hand, the term in Eq. (3.5) and (3.7) is positive, 
  and v is less than 2.22. The above a-value is within these 
  two limitations. Ibl et all7) obtained a-value of 1.5 from the 
theoretical calculation under the experimental conditions of 
Brenner18) assuming that H2S014 is completely dissociated into 2H+ 
  + SO4. 
      The A-value shown in Table 3.4 is 2.90 and 2.95.In order 
  to examine the appropriateness of this numerical value, u/u 
m
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Table  3.4 Estimated parameters which are 
the experimental data
fitted to
No. W1  A  n  E a u /i2/5x3/5 T, -1/5x1/5
1 2.10 2.95 2.50 10 1.54 0.344 0.00479
2 2.15 2.95 2.50 10 1.54 0.3148 0.00487
3 2.20 2.95 2.55 10 1.514 0.3148 0.00487
14 2.20 2.95 2.60 10 1.54 0.3143 0.00479
5 2.25 2.95 2.6o 10 1.514 0.347 0.00486
6 2.25 2.95 2.65 10 1..54 0.3142 0.00479
7 2.30 2.90 2.65 10 1.514 0.345 0.00487
8 2.30 2.95 2.65 10 1.54 0.347 0.00847
9 2.30 2.95 2.70 10 1.54 0.343 0.00479
10 2.35 2.95 2.70 10 1.54 0.3147 0.00486
11 2.35 2.95 2.75 10 1.514 0.341 0.00479
12 2.40 2.95 2.75 10 1.514 0.345 0.00486
13 2.45 2.95 2.80 10 1.514 0.345 0.00486
Experimental data obtained from
0.355 0.00479
Fig. 3.17 and 3.18, respectively
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 within the  distance T shown in Fig. 3.9 through 3.12 were plotted 
 against y/T in Fig. 3.19. The majority of the experimental 
 data is located between the curves of A = 1.3 and 3.0, and the ob-
 tained A-values may be appropriate though they are rather close to 
 the upper limit of the experimental values. 
      It was already mentioned that both um and T are reduced when 
H2S0 is added to the solution, and the reasons of the reduced T-
 value were pursued. Among the property constants shown in Table 
 3.3, the difference in kinematic viscosity between the aqueous 0.6M 
CuSO and 0.6M CuSO14-1.85M H2S0 solutions is minor, and the low-
 ered um and T in the acidified solution cannot be ascribed solely 
 to the rise of the kinematic viscosity.Selman and Newman18,19) 
 calculated the velocity profile of the natural convective flow in 
 the cathodic boundary layer at the limiting current densities in 
 the solutions containing CuS01 and excessive amount of H2SO4, and 
 they indicated that the velocity profile was affected by the ac-
 cumulated H+ ion in the cathodic diffusion layer which migrates 
 from the bulk-electrolyte. 
     The concentration profile of H+ ion in the diffusion layer 
 is inverse to the profile of Cu2+ ion, and the solution density 
 in the cathodic boundary layer is determined by the concentrations 
 of H+ and Cu2+ ions. The terms of buoyancy force in the inte-
 grated Navier-Stokes equation are affected by the density of the 
 solution. Based on this thought, the density distribution 

































Fig. 3.19 Plot of u/u
u versus y/T in 
0.6M CuSO4-1.5M H2SO4 solution
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the lower edge of cathode and at a current density of 1 mA/cm2. 
    With regard to the aqueous solution containing only CuSO4, 
the parameters determined by Ib16) were employed: they were sub-
stituted in Eq. (2.63) and we obtained T = 0.031i3 cm. The den-
sity distribution is expressed as 
P = al01 =a101(1 _ , ) 
        = 0.00337(1 -)2.3(3 .9) 
o.07z 
because 
       O1 =3~('-,) = 0.0000241 mol/cm3                                                 (3.10)
             1Fo, 
The calculated density profile is demonstrated with dots in Fig. 
3.20. 
    With regard to the solution containing both CuSO4 and H2SO4, 
the parameters shown on the eighth line of Table 3.1k were substi-
tuted in Eq. (2.91), and T = 0.0282 cm was obtained. The ex-
pression of density distribution is 
p = a
lel + a2 e2 
           =a101(1-)wl+ a202(1 -~Z)w2(3.11)                  irr7 
Since the thickness of diffusion layers of Cu2+ and H+ ions are 
given by nT and anT, respectively, we have from Eq. (2.83) 
1= 0.00003141.mol/cm3 (3.12) 
Then 
    ww 
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            =  0.00414(1---------)2.3-0.0019(1 -------- 
                 0,076-0./i7)2.3 
                            (0 y 0.076 cm) (3.13) 
and 
       *P = -yaa201(1-Q't 
----- Wl 
              ~ 
        = -0.00119(1----------)2'3(3.14) 
Oa)? 
                              (0.076cm_< ys 0.117 cr:) 
respectively. It is also demonstrated with circles in Fig. 3.20. 
    By comparing these two curves shown in Fig. 3.20, it is clear 
that Ap/*p in the aqueous 0.6M CuSO4 solution is positive and the 
buoyancy force acts in the upward direction in the whole region of 
the diffusion layer. On the other hand, the sign of ip/*p 
changes from positive to negative within the diffusion layer in 
the aqueous 0.6M CuSO4-1.85M H2SO4 solution: the direction of 
the force is downward in the region of ca. 0.05 cm y < ca. 
0.12 cm. Thus the upward natural convection is depressed by 
the gravitational force caused by the accumulated H ion, and T 
is thought to be reduced in the acidified solution.
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 3.4 Summary 
    Along the surface of a vertical plane cathode installed in 
an unstirred electrolyte, natural convection occurs in the upward 
direction. It is caused by the concentration gradient of cat-
ions in the diffusion layer. The rate of mass transfer of 
cations across the diffusion layer and the distribution of the 
local cathodic current densities are affected by this natural con-
vective flow. 
     The velocity profile of the natural convective flow was meas-
ured in the aqueous solutions containing CuSO4 and H2SO4: small 
colophonium particles were suspended in the solution and the mo-
tion of the particles dragged along by the convective flow near 
the cathode surface was filmed with a cinecamera. The measure-
ment was carried out at 23° ± 1°C with the aqueous solutions of 
0.6M CuSO,O.1M CuSO4 and 0.6M CuSO4-15M H2SO4' respectively, 
at various heights from the lower edge of cathode at the cathodic 
current densities below 4 mA/cm2 where the vertical distribution 
of the local current densities is presumed to be uniform. 
    It was revealed from the experimental results with the aque-
ous CuSO4 solutions that the non-dimensional theoretical correla-
tions between u
mx/D1 and (Sc•Gr*) and between T/x and (Sc•Gr*) are 
satisfied under the experimental conditions of uniform distribu-
tion of cathodic current densities in the vertical direction, 
respectively. The maximal velocity, u
m, and the distance be-
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  tween the cathode surface and the position of  um, T, in the aque-
  ous 0.6M CuSO4 solution were in good agreement with the experimen-
  tal results obtained by Ibl et al. 
       Furthermore, the experimental results with the aqueous 0.1M 
CuSO4 solution were compared with those obtained with aqueous 0.6M 
CuSO4 solution, and the effects of CuSO4 concentration on the ve-
  locity profile were pursued. In•the 0.1M CuSO4 solution, m 
  is lower. This is clear from Fig. 3.13 in which log(umx/D1) 
  was plotted against log(Sc•Gr*). The lower um in 0.1M CuSO 
  solution was not able to be explained from the difference of prop-
  erty constants of the two solutions. The parameters C, w, and 
  A are unvaried in these two solutions, and the parameter n(= 61/T) 
  is larger in 0.1M CuSO4 solution. Since T is virtually unvaried 
  in both solutions, the higher value-of rl in 0.114 CuSO4 solution 
  may indicate that the thickness of diffusion layer is larger in 
  this solution. From the calculation, it was revealed that the 
  larger 6-value in 0.1M CuSO4 solution is mainly attributed to the 
  higher diffusivity of CuSO4 in this solution. 
      Next, the experimental results with the aqueous 0.6M CuSO4- 
  1.85M H2SO4 solution was found to satisfy the theoretical expres-
  sions of um and T in the solutions containing CuSO and H2SO4 which 
  were derived in Chapter 2. The parameters involved in these 
  equations were determined according to the procedure proposed by 
  Ibl. In this calculation the incomplete dissociation of H2SO4 
  was taken into consideration, and the ratio of the thickness of
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diffusion layers of H+ion and Cu2+ ion was obtained at  1.54, 
which is an important parameter in the considerations of the ion-
ic mass transfer in the cathodic diffusion layer of the aqueous 
CuSO4-H2SO4 solution. From the comparison of velocity profiles 
in aqueous 0.6M CuSO4 and 0.6M CuSO4-1.5M H2SO4 solutions, it was 
revealed that both umand T are reduced in the latter solution 
containing CuSO4 and H2SO4. In order to clarify the reduced 
T-value in the solution containing CuSO4 and H2SO4, a calculation 
was carried out. It was presumed in this calculation that the 
change of kinematic viscosity of solutions has no virtual effect 
on the change of T-value. In both solutions containing CuSO4 
and CuSO4-H2SO4, the density distributions in the cathodic diffu-
sion layer were calculated, respectively, and it was disclosed 
that Ap/*p is positive in the whole region of the diffusion layer 
in the former aqueous solution. On the contrary, Ap/*p 
changes from positive to negative in the diffusion layer of the 
latter solution because of the inverse concentration profile of 
H+ ion. Thus the upward natural convection is thought to be 
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CHAPTER  4 CONCENTRATION DISTRIBUTION OF  CuSO4 AND H2SO4 
IN CATHODIC DIFFUSION LAYER
4.1 Introduction
    It was mentioned in Chapter 1 that the concentration of ionic 
species near the cathode surface becomes different from the bulk-
electrolyte along with the progress of electrolysis, and the 
cathodic diffusion layer is formed. When the electrolysis 
takes place on a vertical plane cathode installed in an unstirred 
aqueous solution, upward natural convective flow occurs along the 
cathode surface due to the concentration difference of ionic spe-
cies between the cathodic diffusion layer and the bulk-electrolyte. 
The resultant convective ionic mass transfer in this diffusion 
layer affects the rate of electrodeposition: for example, the dis-
tribution of the local current densities in vertical direc;:ion on 
the cathode surface is determined solely by the ionic mass trans-
fer in the cathodic diffusion layer when the applied current is 
at the limiting value. The cathodic concentration polarization 
is often caused by the decrease of concentration of the reacting 
ionic species near the cathode surface.
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    In the industrial electrolytic refining and plating, an exces-
sive amount of supporting electrolyte such as  H2SO4 is usually 
added to raise the conductivity, and H2SO4 is dissociated into H+, 
HSO4 and SO4 ions among which H+ ion migrates toward the cathode 
surface due to the applied potential gradient between both elec-
trodes. The concentration profile of H ion is established in 
the cathodic diffusion layer, and it also affects the natural con-
vective flow along the cathode surface. Consequently, the ion-
ic mass transfer of the reacting species in the cathodic diffusion 
layer is affected by the accumulation of H2S0] in this layer. 
It is important to measure the concentration profiles of the re-
acting species and H+ ion in the cathodic diffusion layer. 
    Many experimental works have been carried out on the cathod-
ic diffusion layer by measuring the current-potential curve. 
The thickness of the Nernst diffusion layer1) can easily be cal-
culated from the cathodic limiting current density obtained from 
the current-potential curve. However, this thickness is mere-
ly the average thickness of the cathodic diffusion layer in which 
the local gradient of concentration is assumed to be equal in 
vertical direction along the height of the cathode surface: it is 
not possible to obtain the actual thickness of the cathodic dif-
fusion layer from the measurement of the current-potential curve. 
It is also clear that this measurement does not offer any infor-
mation about the cathodic diffusion layer at the current densities 
below the limiting value.
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    A few experimental studies have been made, on the other hand,
to directly measure the concentration profile of CuSO4 in the dif-
fusion layer near the cathode surface. However, the thickness 
of this diffusion layer is about 0.1 cm or less, and the measure-
ment was very difficult. Read and Graham, for example, tried 
to determine the composition of the cathodic diffusion layer by 
sucking the solution from this layer with a small glass capillary. 
Brenner3,4) also measured the concentration profile in the cathod-
ic diffusion layer by rapidly freezing the solution, shaving it 
into thin slices parallel to the cathode surface and analyzing 
them. However the cathodic diffusion layer was disturbed in 
both measurements of the concentration profile, and the measuring 
precision was insufficient. 
    An optical method using a technique of Jamin interferometry 
was proposed by Ibl et al5'6)Thereafter, Tvarusko et al.~'8~ 
conducted the measurements of the concentration profile and the 
diffusion layer thickness at an unsteady state by applying Mach-
Zehnder interferometry with a laser emitter as the light source. 
The optical methods of Jamin and Mach-Zehnder interferometries 
have an advantage that the measurement of the concentration pro-
file in the cathodic diffusion layer is carried out without dis-
turbing the thin liquid layer- When these techniques are em-
ployed, however, the optical precision imposed on the electrolytic 
cell is co sLrict that only the cells of smaller sizes can be used 
because of the difficulty in the preparation. Thus Ibl et al.
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measured the concentration profile of  CuSO4 at a height of only 
0.9 cm from the lower edge of the cathode installed in a small 
electrolytic cell. Tvarusko et al. also employed the vertical 
plane cathode of only 1.7 cm height for the measurements of the 
thickness of cathodic diffusion layer and the concentration dif-
ference between bulk-electrolyte and cathode surface. 
    Holographic interferometry9,10,11) is employed in the present 
work to measure the concentration profile of CuSO4 in the cathodic 
diffusion layer during the electrolysis of aqueous CuSO4 solutions. 
The same technique is also employed to measure the profile of re-
fractive index of the solution in the cathodic diffusion layer in 
the electrolysis of CuS014-H2SO4 aqueous solutions. One major 
experimental advantage of this technique is the employment of com-
mon path interference which is different from the conventional 
two beam interference used in the above-mentioned Jamin and Mach-
Zehnder interferometries. Because of this advantage, it be-
comes possible to measure the concentration profile along the sur-
face of a taller plane cathode installed in a large electrolytic 
cell of lower optical precision. 
    The concentration gradient of CuSO4 in the cathodic diffusion 
layer yields the gradient of refractive index of Lhe solution, and 
the incident beam which passes through the cathodic diffusion lay-
er is deflected due to the gradient of the refractive index. 
Then the obtained interferogram is distorted due to the deflection 
of the incident beam. In order to obtain the accurate concen-
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tration profile from the  interferogram, this optical. distortion 
has to be corrected when the gradient of refractive index is rela-
tively large. 
    Theoptical distortion due to the deflection of the incident 
beam was sometimes not taken into consideration in the previous 
   5,6,7,8) 
works.A correcting procedure is proposed in the present 
work assuming that the change of refractive index in the cathodic 
diffusion layer between the incident and exit points of the beam 
on the inner wall of the electrolytic cell is approximated to be 
linear.
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 4.2 Concentration Profile of CuSO4 in Cathodic Diffusion 
         Layer in the Electrolysis of Aqueous CuSO4 Solution 
4.2.1 Experimental Arrangement and Procedure 
    Holography is a novel photographic technique which was in-
vented by Gabor12) in 1947. This technique was further improved 
and developed by Leith et al. by using a laser emitter as the 
coherent light source after the invention of the laser emitter by 
Maiman in 1960. 
    In the conventional photographic technique, the two-dimension-
al image of an object is focused on a film plane by using a lens 
system. On the contrary, in the holographic technique the wave 
front of light from the object is recorded on a photographic plate. 
The lenses for focusing the image is not always necessary. The 
image of the object is easily reconstructed from the developed 
photographic plate. As seen in Fig. 4.1, the coherent beam 
from a laser emitter is separated into two beams. One beam is 
emitted on the object 0 which is to be recorded, and the reflected 
beam from the object is transmitted to the photographic plate Ph. 
The reflected beam from the object is called as the object beam. 
Another beam which is called as the reference beam is reflected 
on a mirror M and directly transmitted to the same photographic 
plate. The developed photographic plate is called as a holo-
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in the form of fine and complicated interference fringes which are 
produced by the interference between the two coherent object and 
reference beams on the photographic plate. 
    The informations recorded in the hologram can easily be taken 
out by emitting a coherent beam from the light source of laser 
emitter. The wave front of light from the object is recon-
structed: it is the same as the wave front of light diverging from 
the object when the hologram was made. This reconstructed 
image of the object is not distinguishable from the original  ob-
ject, and it is three-dimensional and possesses the same contrast 
and parallax as the original object. The reconstructed image 
from the hologram is visible and can also be recorded by camera. 
    Holographic interferometryl4'l5,16)is based on the fact that 
the phase information of light from the object can be recorded in 
and reconstructed from the hologram. It is known that there 
are three main procedures of producing a holographic interfero- 
gram. They are called as double exposure, time-average and 
real-time holographic interferometries. Among these procedures, 
the real-time holographic interferometry is thought to be the most 
versatile and suitable for the chemical applications, and the con-
centration profiles of CuS01 in the cathodic diffusion layer were 
measured in the present work by using this technique. 
    The experimental arrangement in the present work is schemat-
ically illustrated in Fig. 4.2. A helium-neon gas laser emit-
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beam was split into two beams by a half-mirror B. A reference 
beam was reflected on the mirrors M1 and  M4 and expanded by a lens 
E2 (objective lens of a microscope, magnification x 10), and the 
beam intensity was adjusted by an attenuation polarizer A. 
Then it was transmitted to a photographic plate H. Another ob-
ject beam was collimated to a diameter of 1.2 cm by a objective 
lens of a microscope El (magnification x 5) and a lens L2 (f = 200 
mm). After passing through the vicinity of the cathode surface 
in the electrolytic cell C, it was joined with the reference beam 
on the same photographic plate: the image of the vicinity of the 
cathode surface was magnified about fifteen diameters and the back 
edge of the cathode surface facing the camera was focused on the 
screen SC by a lens L2 (f = 200 mm). After the photographic 
plate was developed, the hologram was reset at the same position on 
the frame of the plate holder. With the reference beam incident 
on this hologram, the wave front of the beam which passed through 
the electrolytic cell is reconstructed. By superimposing the 
reconstructed wave front with the wave front of the beam which 
passed through the electrolytic cell, parallel interference fringes 
are easily obtained on the screen. Then the reconstructed and 
real images of the cathode surface were exactly superimposed by 
finely adjusting a rack and pinion mechanism mounted on the plate 
holder within an error of 10 pm. When the electrolysis was 
started, these interference fringes were shifted due to the con-
centration gradient in the cathodic diffusion layer, and they were
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filmed with a camera. The real silhouette of the cathode sur-
face obtained on the screen appears to be advanced to the solution 
side of the solution-cathode interface after the start of the elec-
trolysis. This is due to the gradient of refractive index 
formed in the cathodic diffusion layer.  I-Iowever, the position 
of the cathode surface in the reconstructed image from the holo-
gram does not change during the electrolysis, and this position 
was taken as the origin of horizontal distance from the cathode 
surface. 
    In order to eliminate any vibration during the measurement, 
all optical instruments except the camera shown in Fig. 4.2 were 
installed on a heavy steel table ridden on a truck with four tires. 
Furthermore, each tire was fixed on the bricks placed in a sand 
box. By employing this system for absorbing the vibration, 
almost all of the vibrations were elimiated. 
    The electrolytic cell is illustrated in Fig. 4.3. The 
inner dimension of the cell was 0.7 cm thick, 13 cm wide, and 10 
cm high. The,copper electrodes were 0.47 cm square and 16 cm 
long, and the effective area of the electrodes was 0.47 x 9.0 cm2. 
The distance between both electrodes was maintained at 10 cm. 
As already mentioned, the thickness of the cathodic diffusion 
layer is less than about 0.1 cm, and it was essential to install 
the cathode surface exactly parallel to the incident beam. In 
order to realize this, a revolvable cathode holder shown in Fig. 
4.3 was employed.After the cell wall on the light-entrance
113













Fig.  4.3 Electrolytic cell and cathode holder
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                                                                                                                  • side was adjusted to be at right angles to the incident beam, the 
cathode was gently revolved and maintained at a position where the 
enlarged silhouette of the cathode surface on the screen recedes 
farthest. 
    Analytical reagent grade CuSO4•5H20 and deionized water were 
used, and the aqueous CuSO4 solution was prepared. A photo-
graphic plate of spectroscopic quality is required for filming the 
holographic interferogram. The photographic plate SCIENTIA 
10E75 (Agfa-Gevart) was employed in the present work. It has a 
resolving power of 1000 lines/mm, and the ASA rating is less than 
         2 
5 (50 erg/cm). The exposed photographic plate was developed 
and fixed with ATONAL and G-334 (Agfa-Gevart), respectively. 
4.2.2 Interpretation of Interferogram 
    The relationship between the changeof the refractive index 
of the solution and the fringe shift on the interferogram is gen-
erally given as5) 
(*n-n)d  = N(4 .l) 
When the incident beam is transmitted into a solution having a 
varying refractive index, however, the true profile of the refrac- 
tive index is not obtained from Eq. (4.1)12,13) This is be-
cause the incident beam is deflected in the cathodic diffusion 
layer toward the direction of higher refractive index8) as shown '
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in Fig.  4.4. Thus the profile of the refractive index calcu-
lated from Eq. (4.1), nf(y), does not represent the true profile. 
In order to obtain the true profile of the refractive index in the 
cathodic diffusion layer, this optical distortion should be cor-
rected. The following correcting procedure is proposed. 
    The correction involves the estimation of the deflection of 
the incident beam, Ay, in the diffusion layer and the estimation 
of the position of a point where the true refractive index of the 
solution is equal to the apparent refractive index at the exit 
point of the beam, nf(yo). Only one approximation in this cor-
rection is that the change of refractive index between the incident 
and exit points of the beam is regarded as being linear as shown 
in Fig. 4.4. 
    Under this approximation, the expressions of the optical path 
length and the deflection of incident beam which passes through 
12) th
e solution near the cathode surface are given by Muller. 
They are 
p = YL~ — -------girt2(4.2) 
                                         Ay= yo-yi=--------714 coS h.(ol ) (4.3) 
                                                       i respectively. Approximation of these equations yields 
    p = nid+3~n~k2d3(4.4) 
                     t 
  Ay =°(~(4.5)          2! 
nil
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The apparent refractive index at the exit point of the beam,  nf(Yo), 
calculated by Eq. (4.1) is equal to the ratio of optical path 
length and width of the cathode, p/d, and the following equation 
is obtained. 
          nf(yo)= ni+—/                3! hk2d2(4.6) 
It is expected from Eq. (4.5) that the deflection of the incident 
beam in the diffusion layer is about 50 um or less, and it is far 
less than the thickness of the cathodic diffusion layer which is 
about 500 pm in the present work.It may be reasonable to ap-
proximate that the change of refractive index is linear within 
the whole region of beam deflection, Ay. Then the refractive 
index of the solution in the vicinity of the incident point of the 
beam can be expressed as follows. 
     n = n. + k(y -Yi)(4.7) 
By equating Eq. (4.6) and (4.7), we obtain the position of a point 
where the true refractive index, n, is equal to nf(y
o). It is 
ni+ k(y - Y) = ni+—/2                   31~nk2d2(4.8) 
or 
   y-yi=1d2(4.9) 
By comparing (y - y
i) with Ay of Eq. (4.5), we have 
    ~~~~  = z(4 .10) 
43
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It can be said that  nf(yo) becomes equal to n at a point of 
{y. + (2/3)iy} or {yo - (1/3)iy} under the assumption of linear 
change of refractive index between yi and yo. 
    Under the assumption of linear chn,nw:of ve frac L1. ve index, 
Mlzushina et al~'~~)proposed th  following calculating procedure 
for the herim deflection within the diffusion layer from the appar-
ent profile of the refractive index. When the direction of the 
incident beam is at right angles to the inner wall of the electro-
lytic cell, the beam trajectory within the diffusion layer is ex-
pressed by the following differential equation. 
                       z 
    (_)+ ~71(1) r(4.11) 
where n(yi) is the refractive index at the incident point of the 
beam. Integration of Eq. (4.11) under the boundary conditions 
of 
      y=yiz= 0 (
4.12) 
       y = yoz = d 
yields 
o 71.(I) 
    dz =_ c(1(4.13) 
ojrn.y)1—jt)Jz 
The left-hand side of this equation represents the width of the 
cathode, and the right-hand side can be integrated under the as-
sumption of linear change of the refractive index. Thus the 
following equation is obtained.
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          (  d  =fo  
 Ca)"r 
The refractive indeces 
each other, and the 
n(Yo) + n(; 
in Eq. (4.14) yields 
       (o(nC9-
nt~o) + rnCgc)3Z cytop)2-
es n(yi ) and 
substitution 
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Differentiation of this  equation with yo further yields 
       c3ez:>=°[n(y)]2 - [n(Yi)]2(4.20) 
                    From Eq. (4.15), we have 
IQ(  d(:l     n(yo)-n(yi)_(4.21) 2 rti qo) 
    Then the deflection of the incident beam in the cathodic dif-
fusion layer is calculated by using Eq. (4.16), (4.17) and (4.21) 
where the gradient of the apparent refractive index, [dnf(y o)/ dy ], 
is obtained from the interferogram. In the calculation of 
[dnf(yo)/do]' the measured nf(yo) was expressed by the second 
order equation of yo by applying the least squares method. 
Then the correction of the profile of refractive index is com-
pleted by transferring nf(yo) to a position of (yo - 1/3Ay) in 
the direction toward the cathode surface. 
    It is known that the pattern of interferogram is significant-
ly affected by the position of the plane of focus on the cathode 
surface. According toMuller;2) the optical distortion on the 
interferogram is minimal when the middle point of the cathode 
width is chosen as the plane of focus, although it is rather dif-
ficult to exactly determine the plane of focus at this point. 
Mailer et ali6) also attempted the theoretical analysis of the 
light deflection in an optical arrangement where the plane of
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focus is placed on the front edge of the cathode surface facing 
the light source. This is a good procedure for correcting the 
light deflection when a large optical distortion is present in the 
solution due to the gradient of refractive index. However, the 
back edge of the cathode was chosen in the present work as the 
plane of focus according to the conventional method which was em- 
ployed by many previous workers.8) This is because the gradi-
ent of refractive index in the cathodic diffusion layer is thought 
to be fairly minor under the present electrolytic conditions. 
The correcting procedure proposed in the present work for the 
light deflection is appropriate when the gradient of refractive 
index in the diffusion layer is moderate and the change of re-
fractive index between the incident and exit points of the beam is 
approximated to be linear. 
 4.2.3 Experimental Results 
    The experimental conditions are summarized in Table 4.1. 
The measurements were carried out at 23° ± 1°C. The current-
potential curves were obtained with the solutions shown in Table 
4.1, and they are illustrated in Fig. 1E.5. As the reference 
electrode for measuring the cathode potential, an enameled copper 
wire of 0.18 cm in diameter was used. The average cathodic 
current densities where the concentration profiles were measured 
are also shown in the figure. It is seen that the applied
Table  4.1 Experimental conditions
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Fig. 4.5 Current-potential curve
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current densities ranged up to the limiting value in the solution 
of 0.05M CuSO4 and they were below one-half of the limiting value 
in the solution of 0.1M CuSO4. 
    A few examples of the holographic interferogram are demon-
strated in Fig. 4.6. A holographic interferogram near the 
cathode surface before the start of electrolysis is shown in Fig. 
4.6(a). The horizontal interference fringes in this figure 
were employed as the reference for measuring the concentration 
profile. Figures 4.6(b) through (d) demonstrate the interfer-
ograms of 0.05M CuSO4 solution at an average cathodic current den-
sity of 1.84 mA/cm2. The measuring height was varied at 1, 4 
and 8 cm from the lower edge of the cathode, respectively. 
They were filmed after 10 min had elapsed from the start of elec-
trolysis: it was observed that the diffusion layer is at the steady 
state. As seen in these figures, the thickness of the diffu-
sion layer increases in the upper portion of the cathode. This 
is due to the growth of the upward natural convective flow along 
the cathode surface. 
    From these holographic interferograms, the apparent profiles 
of refractive index in the cathodic diffusion layer were calculat-
ed by using Eq. (4.1), and the true profiles of refractive index 
were obtained by correcting them according to the procedure men-
tioned in 4.2.2. Furthermore, from the regression of the re-
fractive index, n, upon CuSO4 concentration, c, in the solution 
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 tractive index of the aqueous solution containing Cuu0 at various 
concentrations was measured at 23° ± 1°C by using the Abbe refrac-
tometer. The regression is expressed as 
n 1.3330 + 28.1111c(11.22) 
in a region below the concentration of 0.5M CuS014. 
A few examp)en of Lhe correc Led con ern Lration profiSln are 
demonstrated in Fig. 4.7. They were obtained with 0.05M CuSO4 
solution at a height of 4 cm. The uncorrected concentration 
profiles at each current density are also shown. It is seen in 
this figure that CuS014 concentration at the cathode surface is 
lowered and the thickness of the diffusion layer decreases when 
the average cathodic current density is raised. Furthermore it 
is seen that the above-mentioned correction becomes significant 
when the concentration graident is steeper. 
4.2.4 Discussion 
    In order to calculate the theoretical concentration differ-
ence and the thickness of the diffusion layer by Eq. (2.35) and 
(2.54), respectively, both of which were derived under the assump-
tion that the vertical distribution of cathodic current densities 
is uniform on the cathode surface, it is necessary to obtain the 
numerical values of the parameters involved in these equation. 
    The parameter w which influences the concentration profile 
of CuS01
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 0.05M and 0.1M CuSO4 solutions was plotted against log(1 - y/61) 
 in Fig. 4.8 and 4.9 according to Eq. (2.29), respectively. As 
 seen in Fig. 4.8, the majority of the experimental data are scat-
 tered in the region between the slopes of 2.0 and 3.0, and the w 
 value for 0.05M CuSO4 solution was determined as 2.39 by the least 
 squares method. From the similar procedure it was estimated to 
 be 2.31 for 0.1M CuSO4 solution.Ibl et a1i6 )obtained the nu-
 merical value of 2.3 from the interferometric measurement in 0.6M 
CuSO4 solution at a height of 0.9 cm. 
     The other parameters A, c and n involved in Eq. (2.30) which 
 influence the velocity profile of natural convection were presumed 
 to be 1.5, 10 and 2.5, respectively, from the measurement of nat-
 ural convective flow in 0.1M CuSO4 solution mentioned in Chapter 
 3. 
     In order to examine the validity of Eq. (2.53) and (2.54), 
 logarithmic concentration difference between bulk-electrolyte and 
 cathode surface, log Ac, was plotted against logarithmic average 
 cathodic current density, and Fig. 4.10 and 4.11 were obtained 
 for the solutions of 0.05M and 0.1M CuSO4, respectively. As 
 seen in these figures, the slope of all straight lines is 4/5 which 
 is equal to the theoretical value derived from Eq. (2.53). 
     The dependance of log Ac on the logarithmic height from the 
lower edge of the cathode was also examined: log Ac in the solu-
tions of 0.05M and 0.1M CuSO4 was plotted against log x in Fig. 
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slopes with the theoretical value of 1/5 from  Eq. (4.53), it is 
seen that the measured slopes in Fig. 4.12 are equal to 1/5 when 
2 
the average current density is below 2.76 mA/cm, and the slope 
decreases when the average current density becomes higher than 
3.65 mA/cm2. This may suggest that the local cathodic current 
densities is not uniform in vertical direction above 3.65 mA/cm2. 
By comparing Fig. 4.13 with Fig. 4.12, it was revealed that the 
slopes in Fig. 4.13 are nearly equal to the theoretical value of 
1/5 up to the current density of 4.6 mA/cm2. This is due to 
the relatively lower applied current densities than the limiting 
value in the aqueous O.1M CuSO4 solution. 
    The dimensionless numbers of Shx,Gr* and Sc were calculated 
by using the experimental data and property constants mentioned 
in Table 4.2. They are summarized in Table 4.3 and 4.4, re-
spectively. Furthermore, log(Sh
x) was plotted against log(Sc. 
Gr*) in Fig. 4.14. The theoretical value was calculated from 
Eq. (2.59) and it is also shown in the same figure. It is seen 
that the experimental results obtained at the lower current den-
sities are in fairly good agreement with the theoretical value. 
Thu Lhuoroticu.l rulabionuh1p dom(AlnhraLwi 1H Eq. (:'.1i) witu 
also examined. Logarithmic thickness of the diffusion layer in 
0.05M and O.1M CuSO4 solutions was plotted against the logarith-
mic average current density in Fig . 4.15 and 4.16, respectively. 
It is seen in these figures that the slopes in the region of the 
lower current densities is in fairly good agreement with the the-
   • 
Table  4.2 Parameters used in the calculation
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oretical value of -l/5, and the slopes decrease at higher current 
densities. From a theoretical calculation of the thickness of 
cathodic diffusion layer under the boundary condition of °c1 = 
consL. which in valid, for example, at the cathodic limiting cur-
rent density, it was revealed17) that dl are constant at various 
current densities. Furthermore it in seen from a comparison 
of Fig. 4.16 with Fig. 4.15 that the theoretical slope of -1/5 is 
maintained up to higher current densities in O.1M CuSO4 solution 
in which the cathodic limiting current density is higher. 
    In order to determine the dependance of the thickness of dif-
fusion layer on the height from the lower edge of cathode surface, 
the logarithmic thickness measured in both solutions of 0.05M and 
O.1M CuSO4 was plotted against log x, and Fig. 4.17 and 4.18 were 
obtained, respectively. The theoretical slope of the straight 
line is 1/5 from Eq. (4.54). In these figures, this linear re-
lationship is fairly well satisfied. The dispersion of 61 val-
ues is thought to be related to the lower precision in the meas-
urement of diffusion layer thickness. 
    In order to compare the measured and theoretical thickness 
of the diffusion layer, the experimental value of log(61/x) was 
plotted against log(Sc.Gr*) in Fig. 4.19. The parameters and 
property constants were substituted in Eq. (2.60), and the theo-
retical value is also shown in the same figure. As seen in 
this figure, the experimental results may be explained by Eq. 
(2.60), although the experimental data shown in this figure are
-1 .0
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 log x (—) 
Relationship between thickness of cathode 

























Fig.  1i  .18
 00.5 
log x (—) 
Relationship between thickness of cathode diffusion 



















As  • • 
     •
8 =3.423 (Sc.Gr*)1r5
    ip











0 9 10 11 12 13
log (Sc• Gr *) (— )
Fig. 4.19 Plot of log(81/x) vs. log(Sc°Gr*)
 146
somewhat lower than the corresponding theoretical value.
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4.3 Concentration Profiles of CuSO4 and H2SO4 in 
           Cathodic Diffusion Layer in the Electrolysis 
           of Aqueous CuSO4-H2SO4 Solution 
4.3.1 Measurement of profile of refractive index 
               in the cathodic diffusion layer 
    The industrial electrolytic refining and plating of copper 
are often conducted in the unstirred or gently stirred solutions 
containing CuSO4 and H2SO4. It is important to study the con-
centration profiles of both components in the cathodic diffusion 
layer. A few experimental studies7,8) have been made to meas-
ure the thickness of cathodic diffusion layer during the unsteady 
electrolysis of CuSO4-H2SO4 solution by using the Mach-Zehnder 
interferometry. However, the thickness of this diffusion layer 
determined by the interferometric methods may not have any defi-
nite physical meaning for the ionic mass transfer of Cu2+ ion in 
the CuSO4-H2SO4 solutions, because the thickness of the diffusion 
layer of Cu2+ ion is different from H+ ion as mentioned in Chapter 
1. Furthermore, very few discussions have been made on the 
profile of refractive index in the cathodic diffusion layer meas- 
ured by the interferometric methods in the previous papers?'8) 
This is because the refractive index of the solution in the cathod-
ic diffusion layer is dependent on both concentrations of CuSO4 
and H
2SO4 and each concentration profile can not be separately
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determined by the interferometric methods. 
    As the first step towards the clarification of the concentra- 
tion profiles of Cu2+and H+ ions, the measurement of the profile 
of refractive index in the cathodic diffusion layer was attempted 
in the present work by applying a technique of holographic inter- 
feromeL•ry. The experimental results were compared with the 
theoretical values. 
    It is known, on the other hand, that the concentration of 
CuSO4 is very close to zero at the cathode surface at the cathodic 
limiting current densityl8,19) Then the refractive index of 
the solution at the cathode surface at the cathodic limiting cur-
rent density is dependent solely on the H2SO4 concentration. 
The concentration of H2SO4 at the cathode surface was estimated 
from the holographic interferograms obtained at the cathodic lim-
iting current, and the results were also compared with the theo-
retical values. 
4.3.2 Experimental results 
    The profile of the refractive index in the cathodic diffusion 
layer was measured by holographic interferometry using the same 
electrode and electrolytic cell as mentioned in 4.2.1. Analyt-
ical reagent grade CuSO4.5H2O, H2SO4 and deionized water were 
used, and the aqueous solutions containing CuSO4 and H2SO4 were 
made up. The measurement was conducted at 23° ± 1°C.
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    First, the measurement was carried out below the limiting 
current. The experimental conditions are given in Table 4.5. 
A solution of 1.85M H2SO4 and 0.05M CuSO4 was used, and the holo-
graphic interferograms were obtained at various heights from the 
lower edge of the cathode at the current densities up to the limit-
ing value. From the current-potential curve shown in Fig. 4.20, 
it is seen that the average cathodic limiting current density of 
this solution of 1.85M H2SO4 and 0.05M CuSO4 is 1.96 mA/cm2. 
The applied cathodic current densities included 8 values up to the 
limiting value. A few examples of holographic interferogram 
are demonstrated in Fig. 4.21. A holographic interferogram 
near the cathode surface before the start of electrolysis is shown 
in Fig. 4.21(a). Figures 4.21(b) through (d) are the inter-
ferograms of 0.05M CuSO4-1.85M H2SO4 solution during the electrol-
ysis at an average cathodic current density of 1.66 mA/cm2 at the 
heights of 1, 4 and 8 cm from the lower edge of the cathode, re-
spectively. They were filmed after 10 min had elapsed from 
the start of electrolysis: it was observed that the electrolysis 
is,at the steady state. It is seen from these figures that 
the thickness of diffusion layer increases in the upper portion 
of cathode due to the growth of the upward natural convective 
flow. 
    Next, the profile of refractive index in the cathodic diffu-
sion layer was measured at the cathodic limiting current densi-
ties with the solutions containing 1.85M II2SO4and 0.01, 0.02,
150
Table  4.5 Experimental conditions
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   0.03,  0.04 and 0.05M CuSO4, respectively. Prior to the meas-
   urement of the profile of refractive index in the cathodic diffu-
   sion layer, the current-potential curve was measured with each 
   solution and they are shown in Fig. 4.22. Based on these re-
   sults, the electrolysis at the limiting current was conducted un-
   der the experimental condition that the cathode potential against 
   the reference electrode was maintained at 300 mV. The measure-
   ment was conducted at a height of 4 cm from the lower edge of 
   cathode. Holographic interferograms are illustrated in Fig. 
4.23. Figures 4.23(a) through (d) are the interferograms of 
   the cathodic diffusion layer of the solutions of 0.02M CuSO4-
   1.85M H2SO4, 0.03M CuSO4-1.85M H2SO4, 0.04M CuSO4-1.85M II2SO4 and 
   0.05M CuSO4-1.85M H2So4 at their limiting current densities of 
   0.683, 0.910, 1.57 and 1.96 mA/cm2, respectively. They were 
   filmed at the steady state after 10 min had elapsed from the start 
   of electrolysis. 
       From these holographic interferograms, the profiles of re-
   fractive index in the cathodic diffusion layer were calculated by 
" "Eq. (4.1) and corrected according to the procedure mentioned in 
4.2.2. Several examples of the corrected profile of refractive 
index are demonstrated in Fig. 4.24 and 4.25, respectively. 
       The profiles of the refractive index shown in Fig. 4.24 were 
   obtained with the solution containing 0.05M CuSO4 and 1.85M H2SO4 
  at a height of 4 cm from the lower edge of the cathode. The 
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The uncorrected profiles of the refractive index are also shown in 
the same figure. As seen in this figure, the refractive index 
at the cathode surface becomes lower when the average cathodic 
 r_ur.'renL dennity In rallied. IL in aim)  ttrntt I,liat i;hn prrv'iounly 
mentioned correction for the optical distorLion becomeu more ni.p- 
nificanL when the nlope of the refractive index in nLeepe.r. 
The experimental data obtained with 0.05M CuSO4-1.85M H2SO4 solu-
tion were summarized in Table 4.6. 
    The corrected profiles of the refractive index at the limit-
ing current densities in the solutions containing 1.85M H2SO4 and 
0.01, 0.02, 0.03, 0.04 and 0.05M CuSO4 are demonstrated in Fig. 
4.25, respectively. It is seen in this figure that the refrac-
tive index of the solution at the cathode surface decreases when 
the concentration of CuSO4 in the bulk-electrolyte is lower. 
The horizontal broken lines at 1.35349 in Fig. 4.24 and 4.25 re-
present the refractive index of the aqueous 1.85M H2SO4 solution, 
respectively- As seen in Fig. 4.25, the numerical values of 
refractive index at the cathode surface of the solutions at their 
limiting current densities are higher than that of 1.85M H2SO4 
solution: it is indicated that H2SO4 is accumulated in the cathod- 
is diffusion layer due to the migration of H+ ion in the electric 
field between both electrodes.
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Table  4.6 The refractive
aqueous 0.05M
























































































































































































































































































































































































































































    The profile of the refractive index in the cathodic diffusion 
layer was measured with the solution containing 1.85M H2SO4 and 
0.05M CuSO4. In order to investigate the dependances of the 
difference of refractive index between cathode surface and bulk-
electrolyte on the average cathodic current density and on the 
height from the lower edge of cathode, Eq. (2.89) which was pre-
viously derived in 2.4.2 under the condition of uniform cathodic 
current density was used. It is as below. 
     /1c = 0=1E4. CI-*t^)Hi. , 5i4/5X1/5(2.89)      1 1 W
! Et F  qq (I-*4 
    In addition, the concentration difference of H ion, 02' be-
tween cathode surface and bulk-electrolyte was related to 01 in 
the form of Eq. (2.79). It is 
  02 = -yQ WOl(2.79) 
                z where 
o =Sz(4.23) 
The notation a in this equation represents the ratio of the thick-
ness of cathodic diffusion layers of H+ ion to Cu2+ ion. Its 
numerical value is slightly higher than unity18) 
    The refractive index of the solution is related not only to 
Cu2+ ion concentration but also to H+ ion concentration. When
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the refractive index is expressed by a linear equation of 
    n = A +  Bc1 + Cc2(4.24) 
where c1 and c2 are the concentrations of CuSO4 and H2SO4, respect-
ively, the difference of refractive index between cathode surface 
and bulk-electrolyte, An, is expressed from Eq. (2.79) and (4.24) 
 as 
An='n - n 
          = BO
1+J+aCO2 
       (B- I ~wl  C)O(4.25)                   (1+a)14)/1 
where the notation a represents the degree of the second stage 
dissociation of H2SO4. Substitution of Eq. (2.89) in Eq. (4.25) 
yields 
                                                              i 
 An =CB - raw' CriE4 (1-*t,)z/5i4/5x1/5       (,+c.)oz.Iw, p,pk,{'iF*v*.t) 
(4.26) 
    It is expected from this equation that An is proportional to 
.4/5 
and x1/5                respectively. The refractive index of the aque- 
-ous solutions containing CuSO4 and H2SO4 at various concentrations 
was measured at 23° ± 1°C by using the Abbe refractometer. They 
are as shown in Fig. 4.26. It is seen in this figure that the 
variation of refractive index in these solutions is linear with 
regard to both CuSO4 and H
2SO4 concentrations in the regions of 
0 to 0.27M CuSO4 and 0.8 to 2.0M H
2SO4, respectively. The re-
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Fig. 4.26 Refractive index of CuSO4—H2SO4 aqueous solutions
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and H2SO4was calculated by the least squares method. It is 
       n = 1.3348 +  23.447c1 + 10.075c2(4.27) 
    The dependances of An on the average cathodic current density 
and on the height from the lower edge of cathode were examined: 
the measured log An of the solution containing 1.85M H2SO4 and 
0.05M CuSO4 was plotted against the logarithmic average cathodic 
current density, and they are demonstrated in Fig. 4.27. As 
seen in this figure, the slope of straight lines was obtained at 
4/5, which is equal to the theoretical value of Eq. (4.26) when 
the cathodic current density is lower than the half-value of the 
limiting current density. Above this half-value, on the other 
hand, An values start to converge into a fixed value at the limit-
ing current density. 
    Next, log An was plotted against log x and demonstrated in 
Fig. 4.28. By comparing the experimental slopes with the theo-
retical value of 1/5, it is clear that the experimental slopes 
are equal to 1/5 at the current densities lower than the half-
value of the limiting current density.They start to decrease 
when the average current density is raised above this half-value: 
it is virtually null at the cathodic limiting current density of 
1.96 mA/cm2. These experimental results may suggest that the 
local cathodic current density is not uniform in vertical direc-
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    Furthermore, the  An values were calculated from the following 
equation in which it was assumed that wl is equal to w2.                                            
1 
   An=t; -~~r9E4  (1-q1) zlF*v4^~sid
,z,F.41HA.1 
3(x) fi (*) ( at .1 ()1.28) 
0 This equation was derived from Eq. (2.83), (2.95) and (4.25). 
It is valid in the wide range of cathodic current densities be-
tween very low current density and the limiting value. The 
distribution of the local current densities, i(x) at the cathode 
surface which is necessary to obtain An by Eq. (4.28) were first 
calculated from Eq. (2.95), (2.96) and (2.69) by employing a tech-
nique of successive approximation. Then, the An values were 
obtained by substituting i(x) in Eq. (4.28), and they were com-
pared with the measured values. The property constants and 
transport parameters employed in the calculation are demonstrated 
in Table 4.7. Among these numerical values, the kinematic vis-
cosity of the solution, V, was obtained by measuring the viscosity 
and density of the solution because no data were available in the 
literature. The diffusivity of Cu2+ ion was referred to Ap-
pendix B. Furthermore the values of parameters Q and n are 
1.54 and 2.65, respectively, in aqueous 0.6M CuSO4-1.5M H2SO4so- 
lution, and they were estimated to be 1.18 and 3.45 in 0.05M C uSO4-
1.85M H2SO4 solution, respectively, because the diffusivity of
167
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 Cu2+ ion at the average concentration of 0.025M CuSO4 and 1.85M
H2SO4in the diffusion layer of the aqueous 0.05M CuSO4-1.85M H2SO4 
solution is 1.25 times larger than in 0.6M CuSO4-1.5M H2SO4solution 
and the term of (1 - ft1) in the former solution is 1.04 times 
larger than the latter solution. The degree of the second 
stage dissociation of H2SO4 is 0.31 (see Appendix C). 
    The results were summarized in Table 4.8. It can be said 
from this table that the measured values are fairly well coincident 
with the calculated values over the whole range of the cathodic 
current densities, though the calculated values are slightly lower 
than the measured ones. It is also seen that the ratio of the 
measured values to the calculated values is nearly constant and 
it is 1.17. This may suggest that Eq. (4.28) explains the de-
pendances of An on the cathodic current density and on the height 
from the lower edge of cathode and also that the difference be-
tween the measured and calculated values is caused by the uncer-
tainty in the estimation of the property constants used in the 
calculation such as the diffusivity of Cu2+ ion. 
    Following this, the difference of the refractive index be-
tween cathode surface and bulk-electrolyte at the cathodic limit-
ing current density was pursued: the solutions whose H2SO4 con-
centration is maintained at 1.85M were used. The logarithmic 
average limiting current density, logid av'obtained with each 
of these solutions was plotted against the logarithmic CuSO4 con-
centration, and it is demonstrated in Fig. 4.29. According to
 Ta  E _8 Refractive 
of aqueous.
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Eq. (2.88), the average cathodic limiting current density is pro-
portional in the first approximation to the 5/4th power of  CuSO4 
concentration in the bulk-electrolyte. As seen in Fig. 4.29, 
this theoretical relationship is satisfied. 
    For comparison, furthermore, the experimental results obtain-
            20) 
ed by Wilke et al. were applied. That is, Wilke's results 
where a vertical plane cathode of 7.6 cm height and width which 
is much wider than in the present work was used and the tempera-
ture was maintained at about 23°C were plotted in Fig. 4.30 in 
addition to the experimental data obtained in the present work. 
It is seen in this figure that the experimental results in the 
present work agree fairly well with Wilke's Nu'-Gr-Sc correlation 
concerning the average cathodic limiting current density. It 
is also observed in this figure that the effects of side wall of 
the electrolytic cell used in the present work on the limiting 
current are neglected. The property constants and transport 
parameters employed in this calculation of Nu'-Gr-Sc correlation 
are summarized in Table 4.9. The notations H and id
,av are 
the cathode height and the average cathodic limiting current den-
ulty, respectively. The density and viscosity of the solution 
were measured in the present work, and the diffusivity of Cu2+ 
ion at the average concentation in the LL1 ffuo ion layer of each 
solution was referred to Appendix B. The variation of al with 
the composition of the solution is not significant. 
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face is regarded as being zero at the cathodic limiting current 
     18,19 ) 
density,and the refractive index of the solution at the 
cathode surface shown in Fig. 4.25 represents the concentration of 
1I23014The concentration difference of 1I2SO4,Ac1I SUbetween 
24 
cathode surface and bulk-electrolyte was calculated from Fig. 4.25, 
and they were plotted against CuSO4 concentration in the bulk-
electrolyte, respectively. It is demonstrated in Fig. 4.31. 
As seen in this figure, Ac,Ii2S4Ois lowered with the decrease of 
CuSO4 concentration. This tendency is predicted from Eq. (2.79). 
Furthermore, it is seen that the slope of AcH
2SO4                                                        -curve decreases 
                     when CuSO4 concentration in the bulk-electrolyte is lowered.
This phenomenon may be explained as follows. The diffusivity 
of Cu2+ ion is lower in the solution of higher CuSO4 concentra- 
tions~3) (see Appendix B). When the CuSO4 concentration in 
the bulk-electrolyte becomes higher, the thickness of the diffu- 
sion layer of Cu2+ ion,dl,becomes thinner;8)while the thickness 
of diffusion layer of H ion, d2, is maintained to be virtually 
unvaried. As the results, the e value in Eq. (4.23) increases, 
and the coefficient of -yw(w1/w2) between 02 and 01in Eq. (2.79) 
becomes higher when the CuSO4 concentration is raised. 
Brenner measured the concentration of H2SO4 at the cathode 
surface by applying the freezing method during the electrodeposi-
tion of copper from a solution containing CuSO4 and H2SO4. 
However, his experimental results cannot directly be compared with 
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trolytic  conditions. The present experimental results were 
compared with the following theoretical values. First, the 
concentration difference of H2SO4,LYcH SO, was calculated from 
                             24 
Eq. (2.79) in which 02 was replaced by (1 + a)AcI1SO. At the 
                                     24 
cathodic limiting current density, 01 is equal to the concentration 
of CuL0 in the hulk-electrolyte and bon. pararnobcro w~ r,rid w2 are 
assumed to be equal as the first approximation. The a values 
of 1.14, 1.15, 1.16, 1.17 and 1.18 were employed in the electroly-
sis of 0.01, 0.02, 0.03, 0.04 and 0.05M CuSO4 solutions containing 
1.85M H2SO4, respectively, taking account of the ratios of the 
diffusivity of Cu2+ ion and the term (i - *t1) in each solution 
to those of 0.6M CuSO4-1.5M H2SO4 solution. Furthermore, the 
degree of the second stage dissociation of H2SO4 was assumed to 
be 0.31 (see Appendix C). 
     Selman and Newman on the other hand, obtained the numeri-
cal solution for the differential equation of mass transfer at the 
limiting current density in the cathodic diffusion layer of a so-
lution containing CuSO4 and an excessive amount of H2SO4_ 
They obtained the following expression of AcH SO 
                                 2 4 
         AcH
2SO4         = 0.46*c1(4.29) 
        where *c1 is CuSO4 concentration in the bulk-electrolyte. It 
was assumed in their calculation that the concentration of CuSO4 
is lower and H2SO4 is completely dissociated into 2H+ and SO4 
ions.
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      Wilke et al28) also studied the mass transfer  of Cu2+ ion in 
   the cathodic diffusion layer at the limiting current density, and 
   they derived the following expression for the concentration dif-
   ference of H2SO4. 
                     3~4 
                    1z             Ac= Ac(4.3o)          H
2SO4l•D2— )`t1 
   The numerical values of 
           D1 = 5.92 to 6.15 x 10-6 (cm2/sec) (see Appendix B) 
   and 
D2 = 2.1 x 10-5(cm2/sec)29) 
   were employed, and the values of transference numbers, *t1 and *t2, 
  were calculated from the mobility of each ion at the infinited di- 
  lution24,25,26) 
       These calculated values of AcHSOare also demonstrated in 
                            24 
  Fig. 4.31. It is seen that the calculated values from Eq. (2.79) 
  are somewhat higher and those of Eq. (4.30) are somewhat lower as 
  compared with the calculated values from Eq. (4.29), respectively. 
•• The measured values in the present work are in fairly good agree-
  ment with the calculation of Eq. (4.29) in which it was assumed 
  thuL•CuS01 andH2SO4are completely dissociated into Cu'++ SO- 
and 2H+ SO4 ions, respectively. However, it is unrealistic 
  to presume that H2SO4 is completely dissociated into 2H+ SO4 
ions in the solution, and it is thought that the degree of the 
  second stage dissociation of H
2SO4 should be taken into considera-
178
tion on the studies of ionic mass transfer in the cathodic  diffu-
sion layer. 
    It may be also said that the difference between the measured 
values and the calculated ones from Eq. (2.79) may also be ascribed 
to the uncertainty in the estimation of the property constants 
such as the diffusivity of Cu2+ ion which was replaced by the dif-
fusivity of CuSO14. in the present work.
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 4.4 Summary 
    The measurement of  the concentration profile of CuSO4 in the 
cathodic diffusion layer which is accompanied by the upward natu-
ral convection is indispensable for studying the rate of mass 
transfer of cations through this layer. By applying the tech-
nique of holographic interferometry, it becomes feasible to meas-
ure the concentration profile because of the principle of common 
path interference employed in this technique. In the deriva-
tion of the profile of refractive index from the holographic in-
terferogram, the effects of beam deflection in the cathodic dif-
fusion layer were considered and the profile of refractive index 
obtained from the interferogram was corrected under the assumption 
of a linear variation of refractive index within the region of 
beam deflection in the cathodic diffusion layer. 
    The concentration profiles in the cathodic diffusion layer 
of the aqueous 0.05M and O.1M CuSO4 solutions were measured at 
various cathodic current densities below the limiting value and 
at various heights from the lower edge of the cathode. 
It was disclosed from the experimental results that the concen-
tration of CuS0i on the cathode surface is lowered and the thick-
ness of the diffusion layer is decreased when the average current 
density is raised. It was also revealed that the thickness of 
the diffusion layer is increased in the upper portion of the ver-
tical plane cathode at a constant cathodic current density.
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    In order to examine the validity of the theoretical expres-
sions of Ac and 61 in the forms of Eq. (2.53) and (2.54), respect-
ively, the dependances of the measured log Ac and log 61 on the 
logarithms of the current density and the height were examined, 
respectively, and those relationship were confirmed to be valid 
at the cathodic current densities far lower than the limiting 
value. At higher current densities, on the other hand, the 
experimental results start to deviate from the theoretical values. 
This is supposed to be caused by the unequal local cathodic cur-
rent densities in the vertical direction. In order to further 
examine the theoretical relationships which were demonstrated in 
Eq. (2.59) and (2.60), respectively, the transport parameters 
which influence the concentration profile and the property con-
stants of the solution were substituted in these equations, and 
the theoretical values were compared with the experimental re-
sults. It was shown that both theoretical and experimental 
values are in good agreement with each other in the region of the 
lower current densities. 
    It is also important to pursue the concentration profiles of 
CuSO4 and H2SO4 in the cathodic diffusion layer for studying the 
electrodeposition of copper from an unstirred aqueous solution 
containing CuSO4 and H2SO4 which often takes place in the indus-
trial electrolytic refining and electroplating. As the first 
step toward this goal, the profile of the refractive index of the 
solution in the cathodic diffusion layer was measured by applying
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   holographic interferometry at various heights from the lower edge 
   of the cathode and at various cathodic current densities up to the 
   limiting value. 
       The theoretical expression of the difference of refractive 
   index between the cathode surface and the bulk-electrolyte, in, 
   was derived under the assumption of a uniform distribution of
   local current densities on the cathode surface. In order to 
   verify this theoretical relationship, the dependances of the meas-
   ured log to on the logarithms of current density and height from 
   the lower edge of cathode were examined, respectively. At the 
   cathodic current densities lower than the half-value of the limit-
   ing value, these relationships were satisfied. It was also 
   disclosed that An is virtually unchanged in the vertical direction 
   at the cathodic limiting current density. Furthermore, a gen-
   eralized expression of On was derived in the form of Eq. (4.28), 
and after the distribution of the local cathodic current densi-
   ties was obtained from the numerical analysis, the theoretical 
   values of Li were calculated. Both experimental and theoreti- 
   cal An values were in fairly good coincidence over the whole re-
   gion of the cathodic current densities up to the limiting value, 
   though the measured values were somewhat higher than the theoreti-
   cal ones. 
       When the electrolysis takes place at the cathodic limiting 
   current density, the concentration of CuSO4 at the cathode surface 
   is regard as being virtually zero. Under this experimental
                                                182 
condition,  An was measured at a height of 4 cm from the lower edge 
of cathode in the aqueous solutions containing 1.85M H2SO4 and 
0.01, 0.02, 0.03, 0.04 and 0.05M CuSO4, respectively. From the 
above presumption that °c1 = 0 at the limiting current density, 
the concentration difference of H2SO4,AcSo, was obtained from                                  H
2SO4 
An. The AcH
2SO4              value at the cathodic limiting current density 
       decreases when CuSO4 concentration in the bulk-electrolyte, *c1, 
is lowered. Furthermore, the slope of the curve of Ac1SO' 
                                           24
versus *c decreases as CuSO4 concentration in the bulk-electrolyte 
is lowered. These experimental results were qualitatively ex-
plained by Eq. (2.79) and (4.23). The measured Acvalues                                             H
2SO4 
were further compared with theoretical values. It was disclosed 
that the measured tcHSOvalues are somewhat lower than the cal- 
               24 
culated values from Eq. (2.79) in which the incomplete dissocia-
tion of H2SO4 was presumed. The difference between the meas-
ured and calculated values may be ascribed to the uncertainty in 
the estimation of property constants used in the calculation such 
as the diffusivity of Cu2+ ion.
  1) 
  2) 
  3) 
 4) 
  5) 
  6) 
  7) 
  8) 
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CHAPTER 5 MEASUREMENT OF LOCAL CATHODIC CURRENT 
DENSITIES ON VERTICAL PLANE CATHODE
                        5.1 Introduction 
    It is well known that not only the quality of electrodeposited 
metals but also the productivity in the industrial electrolytic 
refining and plating depend on the distribution of current densi-
ties on the cathode surface: it is very important and indispensable 
problem in the electrochemical industries to obtain uniform elec-
trodeposited metals. 
    It is also known that the overall rate of the cathode reac-
tion is affected by the process of ionic mass transfer in the 
cathodic boundary layer as mentioned in Chapter 11'2,3) When 
copper is electrodeposited on a vertical plane cathode from an un-
stirred or gently stirred aqueous solution, an upward natural con-
vective flow occurs along the cathode surface. It is caused 
by the lowered Cu2+ ion concentration in the cathodic diffusion 
layer'S)Since the thickness of this hydrodynamic boundary 
layer and the diffusion layer of Cu2+ ion increase downstream 
along the vertical distance from the lower edge of cathode as men-
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tioned in the previous chapters, the rate of mass transfer of Cu2+ 
ion in the cathodic diffusion layer is reduced in the upper por-
tion of the cathode, and the distribution of the local current 
densities is formed in vertical direction. This effect of  ion-
ic mass transfer in the cathodic diffusion layer becomes more evi-
dent when the average cathodic current density is raised. 
     In order to examine the effect of ionic mass transfer in the 
cathodic diffusion layer on the cathodic current distribution in 
vertical direction, the velocity profile of natural convective 
flow near the vertical plane cathode and the concentration profile 
of ionic species in the cathodic diffusion layer were measured in 
Chapters 3 and 4 by applying the optical techniques under various 
experimental conditions, respectively: the dependances of the ve-
locity profile of natural convective flow on the cathodic current 
density and on the height from the lower edge of cathode were ex-
amined in Chapter 3. The effects of the concentrations of 
CuSO4 and H2SO4 as a supporting electrolyte on the velocity pro-
file of natural convection were also discussed. Furthermore, 
the parameters w, A and p with Which the measured velocity profiles 
are precisely described were determined. 
    The concentration profiles of ionic species in the cathodic 
diffusion layer were studied in Chapter 4. The effects of the 
average cathodic current density and the height from the lower 
edge of cathode on the concentration profiles in the cathodic dif-
fusion layer were examined, and the accumulation of H2SO4 in the
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cathodic diffusion layer was discussed during the electrolysis of 
aqueous solutions containing  CuSO4 and H2SO4 at the cathodic limit-
ing current density. 
    The distribution of the local cathodic current densities in 
vertical direction which is more or less affected by the ionic mass 
transfer in the cathodic diffusion layer is studied in this chap-
ter, and the experimental results are discussed on the bases of 
the velocity and concentration profiles in the cathodic boundary 
layer mentioned in Chapters 3 and 4, respectively. 
    It is known at the cathodic limiting current density that the 
concentration of Cu2+ ion is virtually zero on the cathode surface. 
Many theoretical and experimental works have been made in the past 
on the current distribution on the cathode surface under this ex- 
perimental condition?'6'7'8)However, the majority of the in-
dustrial copper electrolysis is conducted at the cathodic current 
densities lower than the limiting value where the contributions of 
both the ionic mass transfer in the cathodic diffusion layer and 
the cathode reaction can not be ignored. Asada et al. calcu-
lated the theoretical distribution of the local cathodic current 
densities on a vertical plane cathode in the region of the average 
cathodic current densities lower than the limiting value. They 
also measured the local cathodic current densities by weighing the 
horizontally sliced electrodeposited copper from an aqueous O.1M 
CuSO-1.5M H2SO4 solution. However, the precision of their 
measurement is thought to be insufficient for the purpose of pre-
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cisely comparing the experimental data with the calculation. 
In addition to this methode of measuring the local current densi-
ties, the measurement of the average cathodic limiting current 
densities on the vertical plane cathodes of different heights was 
also reported. 
    However, no attempts had been made to directly measure the 
local cathodic current densities before the recent proposal made 
by Lloyd et  al., in which a technique of measuring the local cur-
rent densities at the cathodic limiting current was mentioned: they 
prepared a special plane cathode in which several miniature elec-
trodes are imbedded in vertical direction and measured the cathod-
ic local current densities by using these probes. 
    It is attempted in the present chapter to apply this experi-
mental technique to measure the distribution of local current den-
sities on a vertical plane copper cathode in the region below the 
cathodic limiting current density- It is also intended to 
compare the experimental data of the distribution of local cathod-
ic current densities with the theoretical values.
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               5.2 Experimental Procedure 
    Four types of host bar of different dimensions were prepared 
from a deoxidized copper plate. As shown in Fig. 5.1, they 
were pierced with small holes of 0.33 cm in diameter. From the 
copper plate of the same quality, copper cylinders of 0.31 cm in 
diameter and 1 cm long were machined, and they were imbedded in 
the holes of the host bar after coating them with epoxy resin as 
the insulator: it is schematically illustrated in Fig. 5.2. 
The base planes of the miniature probe were filmed with camera, 
and the surface area was exactly measured on the photograph mag-
nified 20 times. It was also found from this photograph that 
the thickness of the epoxy resin layer between host bar and mini-
ature  probe is 0.01 cm. 
    The back and side surfaces of the host bar were insulated with 
PVC resin, and the back surface and the joint of the miniature 
probe with the lead wire were imbedded in the epoxy resin. 
Each insulated host bar was installed one after another in a cath-
ode holder made of acryl resin as shown in Fig. 5.3 so as to ob-
tain a flat cathode surface of effective width of 5 cm. The 
local cathodic current densities were measured with the miniature 
probes located on the cathode surface at a space of 1 cm in ver-
tical direction. The cathode holder loaded with host bars and 
a vertical plane anode, 21 cm high, 5.5 cm wide and 0.5 cm thick 
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side surfaces of the anode were also insulated with PVC resin. 
As the reference electrode for measuring the cathode potential, an 
enamelled copper wire of 0.18 cm in diameter was used: one end of 
this wire, about 1.5 cm long, was vertically bent toward the di-
rection of the cathode surface, and the wire was fixed on a rack 
and pinion mechanism. 
    In a rectangular glass electrolytic cell of about 8.5 liter 
capacity maintained at 25°C in a thermostat, the acryl resin frame 
provided with electrodes and the reference electrode was placed, 
and the electrolysis was started. Analytical reagent grade 
CuSO4.5H20 and H2SO4 were used, and the aqueous CuSO4-H2SO4 solu-
tions were made up. Their compositions are summarized in Table 
5.1• 
    The electric curcuit in the experimental arrangement is sche-
matically illustrated in Fig. 5.4. By using a potentionstat, 
the cathode potential was maintained at a constant value during 
each experimental run. The electrolytic current was recorded 
on an electronic recorder. For the measurement of local cathod-
ic current densities with the miniature probe, the probe was con-
nected to a manganin wire resistor of known resistance, and the 
potential drop between both ends of the resistor was measured with 
a digital potentiometer. It is demonstrated in Fig. 5.4 that 
the local current density at the miniature probe P3 is being meas-
ured. By using the change-over switch, S, it was possible to 
measure the local current density at 25 different positions on a
195
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2 0.1 1.00 5.2
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Fig. 5.4 Schematic illustration of experimental arrangement
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cathode plate one after another. 
    After the electrodes were placed in the electrolytic cell 
 maintained at 25°C, they were left for about 30 min in order to 
minimize the turbulent flow in the bulk-electrolyte. After the 
electrolysis was started, it took 10 to 20 min to attain the steady 
electrolytic current. Then the measurement of local cathodic 
current densities was conducted within about 1 min by operating 
the change-over switch. It was observed that each local cur-
rent density is unvaried during the period of the measurement. 
    Before the measurement of the local current densities, the 
current-potential curve of the solutions mentioned in Table 5.1 
was measured. An example of the current-potential curve ob-
tained with 0.1M CuSO4-1.0M H2SO4 solution is illustrated in Fig. 
5.5. As seen in this figure, the average cathodic current den-
sity gradually rises with the applied potential even after it 
reaches to the lower edge of the so-called "cathode plateau". 
This is probably because of the growth of rough electrodeposit on 
the cathode surface from the solution which contains no organic 
additives. Since it was difficult to exactly determine the 
average cathodic limiting current density from this current-poten-
tial diagram, the current density at the intersecting point of the 
two straight lines below and at the cathode plateau was obtained 
as the substitute of the cathodic limiting current density. 
They are also summarized in Table 5.1. 
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rent densities in vertical  direction on the cathode surface, the 
following preliminary tests were made. One possible problem in 
the measurement of local current densities by using the miniature 
probes is an unevenness of the potential between the host bar and 
the miniature probe which is connected to the additional manganin 
wire resistor: the cathodic potential of the miniature probe may 
become slightly higher than the host bar, and this may affect the 
overall rate of the cathode reaction. To examine this possible 
effect, the current density on the miniature probe was measured 
by using the manganin wire resistors of different resistances. 
The measurement was carried out at several average cathodic cur-
rent densities at various heights from the lower edge of cathode. 
A solution of 0.114 CuSO4-1.0M H2SO4 was used. The experimental 
results are demonstrated in Fig. 5.6. It is seen in this fig-
ure that the current density on the miniature probe was slightly 
elevated when the manganin wire resistors of lower resistance were 
used, and no significant variation was observed in the current 
densities of the miniature probe when the manganin wire resistors 
of less than 10 ohm were used. Based on this experimental re-
suit, one of the manganin wire reaisLoro of 3.30, 5.03 and 10.04 
ohm was chosen and used in the measurement of the local cathodic 
current densities according to the experimental conditions. 
    It was observed during the electrolysis of 0.6M CuSO4-1.5M 
H2SO4 solution with a horizontal plane cathode facing downward 
that the average cathodic current densities of the host bar and
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the miniature probe were in good accordance with each other; the 
natural convective flow along the cathode surface does not occur 
with this arrangement of the cathode surface. Furthermore, a 
similar experiment was carried out with a vertical plane cathode 
along which the upward natural convection occurs, and it was iden-
tified that both average cathodic current densities measured with 
the host bar and with the miniature probe are in good agreement. 
The vertical  distribution of the cathodic current densities was 
measured by changing the distance between both electrodes at 5, 10 
and 15 cm, respectively. No significant difference was observed, 
and the distance between both electrodes was maintained at 15 cm 
in following experiments. 
    It was also supposed that the lines of electric force are ex-
panded when the vertical distance between the upper edge of the 
cathode and the surface of the aqueous solution is larger_ The 
vertical distribution of cathodic current densities on the surface 
of a plane cathode of 8 cm height was measured in a solution of 
O.1M CuS0 -1.0M H2SO4* The distance between the upper edge of 
the cathode and the surface of the aqueous solution was maintained 
at 2 and 0.5 cm, respectively. The results are summarized in 
Fig. 5.7. As seen in this figure, the effect of the expanded 
lines of electric force in the upper portion of the solution is 
evident and this effect can virtually be eliminated when the ver-
tical distance between the upper edge of cathode and the surface 
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    The horizontal distribution of the cathodic current densities 
on a vertical  plane cathode was also measured. When a host bar 
shown in Fig. 5.1(d) is used, the horizontal distance in which the 
local cathodic current densities are measured is 2.73 cm. It 
was clarified from the measurement hat the local current densi-
ties within this horizontal distance are uniform.Furthermore, 
the possible effect of the side wall of acryl resin frame on the 
local cathodic current densities was examined: the effective width 
of the cathode was reduced to 3 cm by inserting the additional 
acryl plates of 1 cm thickness on both sides of the cathode plate. 
When a host bar of Fig. 5.1(d) is used, the distance between the 
edge of this acryl plate and the miniature probe is 0.135 cm. 
From the measurement of the horizontal distribution of the cathod-
ic current densities with this experimental arrangement, it was 
revealed that the local cathodic current densities are uniform in 
horizontal direction when the horizontal distance between the 
miniature probe and the side wall is larger than 0.135 cm.
 204 
                  5.3 Experimental Results 
    After the above-mentioned preliminary tests were made with 
the miniature probes, the vertical distribution of cathodic current 
densities on a vertical plane copper cathode of 16 cm height was 
measured. The aqueous solutions mentioned in Table 5.1 were 
used. Measurement was conducted in the region of the average 
cathodic current densities up to the limiting value shown in the 
same table. The experimental results are illustrated in Fig. 
5.8 through 5.12, respectively. It is seen in these figures 
that the local cathodic current densities are uniform in the region 
of the current density far lower than the limiting value. When 
the average cathodic current density becomes higher than a half of 
the limiting value, the local cathodic current densities in the 
lower portion of the cathode preferentially increase, and they be-
come unequal in the vertical direction. 
    It was also observed in the electrolysis of the aqueous solu-
tions whose H2SO4 concentration is lower than 0.1M that the local 
cathodic current densities in the upper portion of the cathode 
start to irregularly oscillate during the electrolysis at the av-
erage cathodic current densities near the limiting value. The 
range of variation is indicated with arrow in the diagrams. 
The electrodeposited copper in this upper portion of the cathode 
is very rough and is faded to reddish color which is different 
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 5.4 Discussion 
     In order to further study the distribution of the local cathod. 
1c c clotinII,Ioti ;ln Llhe e (II roc LLoil oil n vc.i•I,.Ical pinnn 
cathode installed in the unstirred aqueous solution, Lhe logarithm 
of the local current density was plotted against the logarithm of 
the height from the lower edge of cathode, and they are illustrated 
in Fig. 5.13 through 5.17. It is seen in Fig. 5.13 and 5.14 
that the variation of the plots is more conspicuous at the lower 
average cathodic current densities. This is caused by the am-
plified measuring error of the lower local current densities on 
the logarithmic scale. 
     It is also noted from Fig. 5.13 and 5.14 which were obtained 
with the aqueous solutions containing CuSO4 and 112SO4 whose con-
centration is higher that the slope of straight lines becomes 
gradually steeper with the rise of the average cathodic current 
density and it approaches to -1/4 in the vicinity of the cathodic 
limiting current density: it is in excellent coincidence with the 
theoretical calculation2'6) mentioned in Chapter 2 concerning the 
distribution of the local cathodic limiting current densities in 
vertical direction. 
    It is seen, on the contrary, from Fig. 5.15 through 5.17 
which were obtained from the measurement with the aqueous solu-
tions of lower H2SO4 concentrations that the distribution of the 
local cathodic current densities is uniform in the region below
211
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one half of the limiting current  density- The electric con-
ductivity is lower in these solutions, and it is thought that the 
effect of concentration polarization in the cathodic boundary 
layer is relatively minor as compared with the ohmic potential 
drop within the bulk-electrolyte. Then the distribution of 
local current densities on the cathode surface which is affected 
both by the resistivity of the bulk-electrolyte and by the con-
centration polarization in the cathodic diffusion layer becomes 
more uniform. 
     Furthermore, when the variation of CuSO24 concentration at the 
cathode surface due to the change of the cathodic current density 
in the aqueous 0.05M CuSO4 solution is precisely compared with the 
dependance of refractive index of solution at the cathode surface 
on the cathodic current density in the 0.05M CuSO4-1.85M H2S01
4 
solution, both mentioned in Chapter 4, it is seen that the experi-
mental results with the aqueous 0.05M CuSO14 solution is in better 
coincidence than in 0.05M CuSO4-1.85M H2SO4 solution with the the-
oretical calculations which were derived on the assumption of uni-
form distribution of cathodic current densities within a wider 
range of the ratio of applied cathodic current density to the 
limiting value. This experimental result indirectly indicates 
the appropriateness of the above-mentioned experimental results 
of the current distribution. 
    It is also seen in Fig. 5.15 through 5.17 that the slope of 
straight lines becomes steeper with the rise of the average cathod-
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 is current density. However, it is fairly lower than the the-
oretical value of -1/4 even in the vicinity of the limiting value. 
This tendency is particularly evident in O.1M CuSO4-O.O1M H2SO4 
and 0.1M CuSO4 solutions. Furthermore, it was observed during 
the electrolysis of the aqueous solutions whose H2SO4 concentra-
tion is lower than O.1M that the plots tend to deviate from the 
straight line in the upper portion of the cathode and that the 
local cathodic current densities in this portion of the cathode 
start to irregularly oscillate at the average cathodic current 
densities near the limiting value. These phenomena re thought 
to be due to the very rough reddish electrodeposit in the upper 
portion of the cathode which may cause a short-circuit between 
host bar and miniature probe or due to the development of the nat-
ural convection into a turbulent flow in this portion of the cath-
ode surface. 
     In order to further pursue the possible causes, the distri-
bution of local cathodic current densities was measured with 0.6M 
CuSO4-1.85M H2SO4 solution by using a vertical plane cathode of 
16 cm height. The experimental results are illustrated in Fig. 
5.18. It was observed during the experiment that the laminar 
natural convective flow starts to slightly wave at the vertical 
distance of more than about 10 cm from the lower edge of cathode 
at the average cathodic current density of 10 mA/cm2 which is 
roughly equivalent to the average cathodic limiting current den-
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trodeposit is uniform over the whole vertical distance of the 
cathode surface. Furthermore, it is seen in Fig. 5.18 that the 
irregular oscillation of the local cathodic current density in the 
upper portion of cathode was not observed even at the average 
cathodic current density of 20 mA/cm2 which is twice larger than 
the average cathodic limiting current density of the aqueous 0.1M 
CuS0 solution. In addition, the natural convective flow in 
the upper portion of the cathode surface was carefully observed 
during the electrolysis of the aqueous 0.1M  CuS014 solution at the 
average cathodic limiting current density, and it was found that 
the natural convective flow becomes fully turbulent at the height 
of more than about 10 cm from the lower edge of cathode. 
     From the above-mentioned observations it maybe said that the 
waving flow of the natural convection is developed in the upper 
portion of cathode to the fully turbulent flow due to the hydro-
dynamic resistance of the rough surface of the electrodeposit 
during the electrolysis of the aqueous solutions containing H2SO4 
of lower concentration when the average cathodic current density 
approaches to the limiting value. It is thought that the ir-
regular oscillation of the local cathodic current density in the 
upper portion of cathode is caused by the disturbance of the ionic 
mass transfer toward the cathodic surface by the developed turbu-
lent flow of natural convection. 
    In the next place, the measured distribution of the local 
cathodic current densities were compared with the theoretical dis-
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tribution of the local cathodic current densities. In order 
to carry out the comparison, the numerical solution of the simul-
taneous Eq. (2.95), (2.96) and (2.97) was obtained by applying a 
technique of successive approximation, and the numerical values 
 of  ic(x) which satisfy these equations were determined. This 
calculation of the distribution of local cathodic current densi-
ties in the vertical direction was carried out with an aqueous 
0.1M CuSO4-1.85M H2SOIt solution by using a digital computer. 
The property constants and the transfer parameters used in the 
calculation are summarized in Table 5.2. The calculated dis-
tribution of cathodic current densities at each average current 
density are illustrated in Fig. 5.19 together with the experimental 
results demonstrated in Fig. 5.13. By comparing the theoreti-
cal and experimental distributions of the cathodic current densi-
ties, it is seen that the theoretical values are in excellent 
agreement with the experimental ones. 
    A similar calculation was also carried out with the aqueous 
0.1M CuSO1 solution by using Eq. (2.66), (2.68) and (2.69). 
The calculation was successful at the average cathodic current 
densities below one half of the limiting value. However, the 
calculation was not successful at the higher current densities 
above the half-value of the cathodic limiting current density. 
From the theoretical distribution of the local current densities 
calculated at the lower average cathodic current densities, it was
221
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revealed that the distribution of local cathodic current densities 
are virtually uniform in vertical direction, and they are in good 
agreement with the experimental data. Among the probable  rea-
sons of the unsuccessful theoretical calculation with the aqueous 
0.1M CuS0 solution at higher current densities, it can be said 
that the electric conductivity of the 0.1M CuS01
4 solution is far 
lower than the O.1M CuSO4-1.85M H2S01+ solution. 
    As shown in Fig. 5.13 through 5.17, the slope of straight 
lines in the diagram of log i versus log x becomes steeper with 
the rise of the average cathodic current density. In order to 
further investigate this experimental result, the experimental 
slopes were plotted against the fractional cathodic current den-
sity which is the ratio of the average cathodic current density to 
the cathodic limiting current density, i av/id,av, in Fig. 5.20. 
The curve shown in the same figure demonstrates the relationship 
between the theoretical slope and the fractional cathodic current 
density calculated with the .0.1M CuSO4-1.85M H2S01+ solution. 
As seen in this figure, the experimental slopes obtained with the 
solutions of 0.1M CuSO4-1.85M CuS011 and 0.1M CuS011-1.0M CuSO4 are 
fairly well coincident with the tliuoreti.cal va.l.ue which decreases 
with the rise of average cathodic current dens!.ty to -VII at the 
cathodic limiting current density. 
    The experimental slopes obtained with the aqueous solutions 
containing 0.1M C uS01
r and H2SO4 whose concentration is 0.1, 0.01 
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neighborhood of zero in the region of the average cathodic current 
density lower than one half of the limiting value. It is again 
indicated that the local cathodic current densities are uniform. 
Furthermore, it is  observed that the slope decreases with the rise 
of the average cathodic current density above the half-value of 
the limiting current density, and they are fairly higher than the 
theoretical value of -1/4 in the vicinity of the limiting current 
density. 
     From the observation mentioned before that the "burnt" de-
posit is obtained in the upper portion of cathode when the elec-
trolysis of the aqueous solutions of lower H2SO4 concentration 
takes place in the vicinity of cathodic limiting current density, 
it is evident that the local Cu2+ ion concentration in the cathod-
ic diffusion layer in the upper portion of the cathode is prefer-
entially lowered to zero due to the development of the upward 
natural convective flow. It was also mentioned before that the 
local current densities in the upper portion of cathode measured 
with the miniature probes irregularly oscillate in the vicinity of 
the average cathodic limiting current density. In this portion 
of the cathode, the local current density is higher than the the-
oretical local cathodic limiting current density because of the 
developed turbulent flow of natural convection. These oscillat-
ing values of local current densities in the upper portion of 
cathode were omitted in the estimation of the experimental slopes 
in Fig. 5.20. The local cathodic current densities in the
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lower portion of cathode which were used in the estimation are, 
on the contrary, below the theoretical local cathodic limiting 
current density even in the vicinity of  the  average cathodic limit-
ing current dcnuity, and it in nuppooed LhuL the high or valuon of 
the slope than -1/4 were obtained at the average limiting current 
density.
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                          5.5 Summary 
    The local cathodic current densities on the surface of a ver-
tical plane copper cathode installed in the unstirred aqueous so-
lutions containing CuSO4 and H2SO4 were measured by applying the 
technique proposed by Lloyd et a110) In this technique, the 
local cathodic current densities were measured with the miniature 
probes imbedded in the plane cathode. Each miniature probe is 
connected with a manganin wire resistor of a constant resistance, 
and the potential difference between both ends of the resistor was 
meausred. The possible effects of the resistance of the used 
resistor, the distance between both electrodes, the unevenness of 
the lines of electric force in the portion of the solution higher 
than the electrodes, the hydrodynamic resistance due to the side 
wall of the acryl resin frame, etc. were examined, and the appro-
priate experimental conditions were established. The measure-
ment of the distribution of local current densities in vertical 
direction on the plane cathode was carried out at 25°C with the 
aqueous solutions containing O.1M CuSO4 and 1.85, 1.0, 0.1, 0.01 
and OM H2SO4' respectively. 
    During l.1ia elncbrolyu.lu of l,lic aqlieouu 0.1M Cu:10-1.OM ll,,~tc)                                  l~~11
and 0.1M Cu001
+-1.85M H2SO4 solutions, the local cathodic current 
densities are uniform in vertical direction at lower average cathod-
ic current densities. The local current densities decrease 
along the vertical distance from the lower edge of cathode when
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the average cathodic current density is raised. It is propor-
tional to the  -1/4th power of the vertical distance in the vicinity 
of the average cathodic limiting current density. This experi- 
mova, 1 ,roou.l.l, in in good nfrroomF'nl, w1Lii Lhr' .rcuiftrl of l)revloun 
workers. The theoretical distribution of the local cathodic 
current densities in vertical direction in the aqueous O.1M Cu30-
1.85M H2SO4 solution was calculated by the procedure mentioned in 
Chapter 2, and it was revealed that the theoretical distribution is 
in excellent agreement with the measurement. 
     From the measurement with the aqueous O.1M CuSO4 solutions 
containing H2SO4 whose concentration is lower than O.1M, it was 
found that the distribution of the local cathodic current densities 
is uniform in vertical direction in the region of the average 
cathodic current density lower than one half of the limiting value. 
It is because the concentration polarization in the cathodic diffu-
sion layer is relatively minor as compared with the ohmic potential 
drop in the bulk-electrolyte of lower electric conductivity-
In the region of the average cathodic current density higher than 
one half of the limiting value, the local current densities become 
dependent on the vertical distance from the lower edge of cathode. 
However, this experimental dep en dance of the local cathodic cur-
rent densities on the vertical distance is fairly lower than the 
theoretical relationship that the local cathodic current density is 
proportional to the -1/4th power of the height at the average 
cathodic limiting current density. Furthermore, the local
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cathodic current densities in the upper portion of the cathode are 
higher and irregularly oscillate in  the,vicinity of the average 
limiting current density. It is probably because the natural 
convective flow becomes fully turbulent in this portion of the 
cathode due to the rough electrodiposit obtained from the aqueous 
solutions of lower H2SO, concentration near the limiting current 
density. Then the local cathodic current densities at the low-
er portion of cathode are below the limiting value. It is sup-
posed that the measured dependance of the current distribution on 
the vertical distance from the lower edge of cathode become fair-
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 CI-IAPTER 6 SUMMARY AND CONCLUSION
    The electrolytic refining and winning have widely been employ-
ed in the hydrometallurgical process for the extraction of common 
metals. These electrolytic processes possess an advantage over 
the pyrometallurgical process that the metals of high purity can 
easily be obtained at low temperature by applying the electric en-
ergy. However, one of the important engineering problems in 
the electrolytic process is that the productivity of metals per 
unit area of the electrolytic bath is lower. 
    Recently, the problem of lower productivity in the electro-
lytic process was recognized, and many attempts have been made to 
cope with this problem: the electrolytic refining and winning at 
higher current densities were studied, and they have been brought 
into practice at various electrolytic plants. It is known that 
the current distribution on the surface of an electrode usually 
becomes uneven at higher current densities. It may cause an 
undesirable side reaction at the portions of higher current den-
sities. Then it is desired that the electrolytic process is 
conducted at a current density of uniform distribution to the 
possible extent.
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    Many theoretical  and experimental works have been made on the 
current distribution on the electrode surface since more than 
thirty years ago. Among these works, the major interest of the 
earlier workers was directed to the primary and secondary current 
distributions; the primary current distribution is determined 
solely by the geometric factors of the electrolytic cell and elec-
trodes, and the secondary current distribution is related to the 
geometric factors and the chemical polarization at the electrode 
surface. These theoretical current distributions are valid for 
the electrolysis under the electrolytic condition that the compo-
sition of the electrolyte is uniform throughout the electrolytic 
cell. 
    It is known, on the other hand, that a very thin liquid film 
of different composition from the bulk-electrolyte is formed at 
the electrode surface during the electrolysis. This thin liquid 
film is called as the diffusion layer. The current distribu-
tion on the electrode is also affected by the ionic mass transfer 
in this diffusion layer. The electrolytic refining, winning 
and plating often take place on a vertical plane cathode in the 
unstirred or gently uLirred aqueouu uolut:ionu. Under Lhiu 
electrolytic condition, the concentration gradient in the cathodic 
diffusion layer yields an upward natural convective flow along the 
cathode surface, and this natural convective flow should also be 
taken into consideration in the studies of the ionic mass transfer 
in the cathodic diffusion layer. It goes without saying that
 234 
it is very important from the industrial viewpoint to disclose the 
mechanism of ionic mass transfer in the cathodic diffusion layer 
which is accompanied by the natural convection in vertical direc-
tion. 
    The industrial electrolytic refining of copper is coriducLed 
in the aqueous solutions containing CuSO4andH2SO4'H2SO4is added 
to the solution to raise the electric conductivity. During the 
electrolysis of this aqueous solution, H ion migrates from the 
bulk-electrolyte toward the cathode surface and is accumulated in 
the cathodic diffusion layer. The accumulation of H2SO4 may 
have an additional effect on the natural convective flow and the 
ionic mass transfer in the cathodic boundary layer. 
    Since it was recognized that the natural convection along the 
surface of a vertical plane cathode plays an important role in the 
electrolysis of an unstirred electrolyte, many theoretical and 
experimental studies have been made on the ionic mass transfer in 
the cathodic boundary layer which is accompanied by the natural 
convection. The majority of these studies concerned the cathod-
ic limiting current density, and only a few theoretical and ex-
perimental works have been made on the ionic mass transfer in the 
cathodic diffusion layer and the resultant distribution of the 
local current densities in the region where the average cathodic 
current densities are lower than the limiting value. It should 
be noted that the industrial electrolytic refining, winning and 
plating are usually conducted below the cathodic limiting current
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density. 
    It was intended in the present work to study the ionic mass 
transfer and the natural convection in the boundary layer near the 
 surface of a vertical plane cathode during the elecLrolyuio of the 
unstirred aqueous CuSO14 and CuSO14-H2SO4 solutions at the cathodic 
current densities below and at the limiting value. 
    The theoretical solutions of the ionic mass transfer in the 
cathodic diffusion layer and the current distribution on the sur-
face of a vertical plane cathode were derived under various elec-
trolytic conditions in Chapter 2. In order to derive these 
theoretical expressions, the basic equations regarding the natural 
convective flow, the ionic mass transfer and the charge transfer 
were established. These simultaneous equations were solved 
together with the rate equation of electrode reaction. Under 
the assumptions that the width of electrodes is infinite and that 
the electrolysis is conducted at the steady state, these basic 
differential equations were simplified. The integration of 
the Navier-Stokes equation and the equations of ionic mass trans-
fer in the cathodic boundary layer were carried out by applying 
the method proposed by von Karman and Pohlhausen. In addition, 
the generalized functions in which the parameters w, X, f and e 
are involved were used to express the velocity profile of natural 
convection and the concentration profile of Cu + and H+ ions in 
the cathodic diffusion layer, respectively. From these equa-
tions, furthermore, the expressions regarding the maximal velocity
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of natural convective flow, the concentration difference of ionic 
species between bulk-electrolyte and cathode surface, the thickness 
of diffusion layer and the resultant distribution of local  cathod-
ic current densities were derived under the following electrolytic 
conditions, respectively. 
1) Electrolysis at the cathodic limiting current density 
   2) Electrolysis at the cathodic current densities of uniform 
      distribution 
   3) Electrolysis in the intermediate region between the cathod-
       ic limiting current density and the uniform current densi-
      ties 
These theoretical expressions were derived for the electrolysis of 
the aqueous CuSO4 solution and of the aqueous CuSO4-H2SO4 solution, 
respectively. In the derivation of the theoretical expressions 
regarding the aqueous CuSO4-H2SO4 solution, the incomplete dis- 
sociation of HSO ion into H+and SO4 ions in the second stage 
dissociation of H2S0)4 was taken into consideration. 
     The upward natural convective flow along the cathode surface 
was studied in Chapter 3. The velocity profile of the natural 
convective flow was measured in aqueous CuSO4 and CuSO1-H2SO4 so-
lutions by fi.].rnl.ng the motion of small colophonium particies sus-
pended in the solution and dragged along by the natural convective 
flow near the cathode surface. The measurement was carried out 
at 23°C with the aqueous 0.6M CuSO1, O.1M CuSO4 and 0.6M CuSO14-
1.5M H2304 solutions, respectively. It was measured at vari-
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ous heights from the lower edge of cathode and at various cathodic 
current densities below 4 mA/cm2 where the vertical distribution 
of local current densities was presumed to be uniform. 
    It was revealed from the experimental results with aqueous 
 CuSO14  solutions  that the non-dimensional theoretical correlations 
derived in Chapter 2 between (umx/D1) and (Sc•Gr*) and between 
(T/x) and (Sc•Gr*) were satisfied under the electrolytic conditions 
of uniform distribution of cathodic current densities . 
     In order to examine the effect of CuSO4 concentration on the 
velocity profile, the experimental results with aqueous O.1M CuSO4 
solution were compared with those of aqueous 0.6M CuSO4 solution. 
It was revealed from this comparison that u
m is lower in O.1M CuSO4 
solution, which was unable to be explained from the difference of 
property constants of these two solutions. The parameter 
n(= 61/T) was larger in O.1M CuSO4 solution, and the other para-
meters WW1, A and E were unvaried in both solutions. Since T is 
virtually unvaried in both solutions, the higher value of fl in 
0.1M CuSO4 solution indicated that the thickness of diffusion layer, 
6, is larger in this solution. From a simple calculation it 
was shown that the larger 61-value in 0.1M CuSO4 solution is main-
ly attributed to the higher diffusivity of CuSO4 in this solution 
of lower CuSO4 concentration. 
    Next, the experimental results with the aqueous 0.6M CuSO4-
1.85M H2SO4 solution was found to satisfy the theoretical expres-
sions of u
m and T in CuSO4-H2SO4 solutions derived in Chapter 2.
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The parameters  wl,  A, n and e involved in these equation were de-
termined according to the procedure proposed by Ibl. In this 
calculation the incomplete dissociation of H2SO4was taken into 
consideration, and the ratio of the thickness of diffusion layers 
of H+ion and Cu2+ ion was obtained at l.54 in 0.6M CuSO4-1.5M 
H2SO4 solution. From the comparison of velocity profiles of 
natural convective flow in aqueous 0.6M CuSO4 and 0.6M CuSO4-1.5M 
II2S0I4solutions,itwas revealed that both u
m and T are reduced in 
the latter solution.In order to clarify the reduced T-valuc 
in the acidified CuSO4 solution, the density distribution in the 
cathodic diffusion layer was calculated in CuSO and CuSO4-H2SO4 
solutions, respectively. It was disclosed that the buoyancy 
force acts in the upward direction in the whole region of the dif-
fusion layer in the former solution. On the contrary, the buoy-
ancy force acts in the upward direction in the inner portion of 
the diffusion layer and the gravitational force acts downward in 
the outer portion of the diffusion layer in the latter solution 
because of the inverse concentration profile of H+ ion. Then 
the upward natural convection is depressed by the gravitational 
force in the outer portion of the cathodic diffusion layer in the 
acidified CuSO4 solution which is caused by the accumulation of 
H ion. 
    The measurement of the concentration profile of CuSO4 in the 
cathodic diffusion layer which is accompanied by the upward natu-
ral convection is very important for the studies of the ionic mass
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transfer in this layer. This concentration profile was pursued 
in Chapter  L. It was feasible to measure the concentration 
profile by applying the technique of holographic interferometry. 
In the derivation of the profile of refractive index of solution 
from the holographic interferograms, the effects of beam deflection 
in the cathodic diffusion layer were considered, and the inter-
ferograms were corrected under the assumption of a linear change 
of refractive index in the region of beam deflection in the cathod-
ic diffusion layer. The concentration profile of CuSO)4 in the 
cathodic diffusion layer was obtained from this corrected profile 
of refractive index of the solution. 
    First the concentration profiles in the cathodic diffusion 
layer of the aqueous 0.05M and O.1M CuSO14 solutions were measured 
at various cathodic current densities below the limiting value and 
at various heights from the lower edge of cathode. The experi-
mental temperature was maintained at 23°C. It was disclosed 
from the measurement that the concentration difference of CuSO1 
between bulk-electrolyte and cathode surface, Ac, is increased 
and the thickness of the diffusion layer, Si, is decreased when the 
average current density is raised. It was also revealed that 
Sl is increased in the upper portion of the cathode. 
    Furthermore, it was revealed from the experiment that the 
theoretical dependances of Ac and di on the current density and on 
the vertical distance from the lower edge of cathode were satis-
fied in the region of lower current densities below one half of
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the limiting value. However, the experimental values start to 
deviate from the theory at higher current densities. This is 
supposed to be caused by the unequal local cathodic current den-
sities in the vertical direction. 
    It is also important to pursue the concentration profiles of 
CuSO4 and H2SO4 in the cathodic diffusion layer for sLudying the 
electrodeposition of copper from the unstirred aqueous solution 
containing CuSO4 and H2SO4,which often takes place in the indus- 
trial electrolytic refining and plating. As the first step to-
ward thin goal, the profile of the refractive index of solution 
in the cathodic diffusion layer was measured at various heights 
from the lower edge of cathode and at various cathodic current 
densities up to the limiting value. The theoretical expression 
of the difference of refractive index between bulk-electrolyte and 
cathode surface, An, was derived under the assumption of a uniform 
distribution of local current densities on the cathode surface. 
At the cathodic current densities lower than a half of the limit-
ing value, the experimental results satisfied both theoretical 
relationships between An and the height from the lower edge of 
cathode and between An and the average cathodic current density. 
It was also disclosed that An is virtually unchanged in vertical 
direction at the cathodic limiting current density. 
     Furthermore, a generalized expression of An which holds in 
the whole region of the cathodic current densities up to the limit-
ing value was derived in the form of Eq. (4.28). After the
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 theoretical distribution of the local cathodic current densities 
 was obtained by using a technique of numerical analysis, the the-
 oretical An values were calculated. Both experimental and the-
 oretical An values were in fairly good coincidence over the whole 
 region of the cathodic current densities, though the measured 
 values were somewhat higher than the theoretical ones. 
      When the electrolysis takes place at the cathodic limiting 
 current density, the concentration of CuSO4 is regarded as being 
 virtually zero on the cathode surface. Under this experimental 
 condition, An at a height of 4 cm from the lower edge of cathode 
 was measured at 23°C with the aqueous solutions containing 1.85M 
H2SO4 and 0.01, 0.02, 0.03, 0.04 and 0.05M CuSO4, respectively, 
  and the concentration difference of H2SO4 between cathode surface 
 and bulk-electrolyte, AcH SO , was obtained. The Ac11
2SO4                                                          value 2 4
  at the cathodic limiting current density decreases when CuSO4 con-
  centration in the bulk-electrolyte, *c, is lowered. Further-
  more, the slope of the curve of AcHSOversus *c also decreases 
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  when CuSO4 concentration in the bulk-electrolyte is lowered. 
  These experimental results were explained by Eq. (2,79) and (4.23). 
 The measured AcH
2SO4                      values were further compared with theoretical          
  ones. It was disclosed that the measured AcII
2SO4values were 
  somewhat lower than the calculated values from Eq. (2.79) in which 
 the incomplete dissociation of H2SO4 was considered. This dif-
  ference between the measured and calculated values may be ascribed 
 to the uncertainty in the estimation of property constants used in
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the calculation such as the diffusivity of Cu2+ ion. 
    Finally, the distribution of local current densities in the 
vertical direction on a plane cathode was studied in Chapter 5. 
The measurement of local cathodic current densities was made by 
using the miniature probes imbedded in the plane cathode. 
Measurement waS carried out at 25°C with the aqueous solutions 
containing 0.1M CuSO4 and 1.85, 1.0, 0.1, 0.01 and OM H2SO4, re-
spectively. 
    From the electrolysis of the aqueous solutions containing 
0.1M CuSO4 and H2SO4 whose concentration is higher than 1.OM, it 
was revealed that the local cathodic current densities are uniform 
at the lower average current densities. It decreases along the 
vertical distance from the lower edge of cathode when the higher 
average current densities are applied. It was proportional to 
the -1/4th power of the vertical distance from the lower edge of 
cathode in the vicinity of the cathodic limiting current density. 
This experimental result at the limiting current was in good 
agreements with the theoretical result mentioned in Chapter 2. 
The theoretical distribution of cathodic current densities in 
vertical direction was calculated in the wide region of cathodic 
current densities up to the limiting value with the aqueous 0.1M 
CuSO4-1.85M H2SO4 solution. It was revealed that the theoreti-
cal distribution is in good agreement with the experimental re-
sults. 
    In the electrolysis of the aqueous solutions containing 0.1M
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CuSO4 and H2SO4 whose concentration is lower than O.1M, the meas-
ured distribution of local cathodic current densities was uniform 
in the region of the average current density lower than a half of 
the limiting value. This is because the concentration polari-
zation in the cathodic diffusion layer is relatively minor as com-
paired with the ohmic potential drop in the bulk-electrolyte of 
lower electric conductivity- In the region of the average 
cathodic current densities higher than a half of the limiting 
value, it was revealed that the local current densities become 
dependent on the vertical distance from the lower edge of cathode. 
However, the experimental dependance of local current densities on 
the vertical distance was fairly lower in the vicinity of the 
cathodic limiting current density than the theoretical relation-
ship that the local cathodic current density is proportional to 
the -1/4th power of the vertical distance from the lower edge of 
cathode. 
     It was also observed that the local cathodic current density 
in the upper portion of the cathode surface is higher than the 
theoretical value and it irregularly oscillates in the vicinity 
of the limiting current denulty. IL iu prcuwnulJly becauuc Lhe 
natural convective flow is dew] oped l ii Llilu portion of' Llic cLLliocic 
to the turbulent flow due to Lhe hydrodynrunic rcuistzuica at the 
surface of the rough electrodeposit obtained from the aqueous so-
lution of lower H2SO4 concentration near the average cathodic 
limiting current density. It was also supposed that the local
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cathodic current densities in the lower portion of cathode are not 
attained at the limiting value. It may be said that the measured 
dependance of the local cathodic current density on the vertical 
dintance from Lilo lower ndge or cnLhode becomeu fairly lower Lhan 
the theoretical. one in the vlciniLy er Lhe limiting current. denni.Ly. 
     Au menL.ioned above, Llie ionic mann Lrn.nurer and I;lie natural 
convective flow in the boundary layer of a vertical plane cathode 
and the resultant current distribution on the cathode surface were 
fairly well disclosed in the present work under the experimental 
conditions that the natural convective flow is laminer. How-
ever, it should be mentioned that the following problems should 
further be clarified in the future works. 
    The concentration profiles of Cu2+ and H+ions in the cathod-
ic diffusion layer were not measured in the present work during 
the electrolysis of the solution containing CuSO4 and H2SO4. 
The present discussion was referred only to the profile of the 
refractive index of solution in the cathodic diffusion layer and 
the concentration difference of H2SO4 between cathode surface and 
bulk-electrolyte at the limiting current density. In order to 
further study this problem, it may be a very important clue to 
apply the colorimetric method. 
    Industrial electrolytic refining and winning are conducted 
by employing the large vertical plane cathode of about 1 m height. 
The natural convective flow in the major portion of the vertical 
plane cathode higher than 10 to 20 cm from the lower edge of
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cathode is thought to become turbulent. In order to study the 
electrolysis which takes place at higher current densities, it is 
desirable to investigate an ionic mass transfer in the cathodic 
diffusion layer which is accompanied by the turbulent natural con-
vective flow. 
    The prevention of passivation of anode is important to carry 
out the industrial electrolysis at higher current densities. 
Many attempts have been made to overcome the problem. Among 
them the application of periodic reverse current of higher density 
to the industrial electrolytic refining of copper is proposed. 
However, the basic studies have rarely been made on the electrolysis 
with the periodic reverse current. It is thought to be impor-
tant to study the ionic mass transfer and the natural convective 
flow in the anodic boundary layer during the unsteady electrolysis.
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   Appendix A. Relationship between Concentration Gradients 
                 of Cu2+ and H+ Ions at the Cathode Surface
When the electrodeposition takes place on the surface of a 
vertical plane cathode installed in an unstirred or gently stirred 
aqueous solution containing CuSO4 and H2SO4, we are primarily in-
terested in the concentration of Cu2+ ion which is lowered on the 
cathode surface. In addition, our interest also concerns both 
the increased concentration of unreacted H ion which migrates 
toward the cathode surface and is accumulated in the cathodic 
diffusion layer due to the applied potential difference between 
both electrodes and the decreased concentration of HSO4 and SO4 
ions which migrate away from the cathode surface. Then it is 
required to disclose the interrelationship among the concentra-
tion gradients of these ions at the cathode surface. 
     The flux of an ion i passing through a cross-sectional area 
A in the cathodic diffusion layer toward the cathode surface is 
expressed as 
     001G'            .4:_ -Ak
i------- Ac.u.------+ Ac.v(A.1)                   ff 
Furthermore, we denote the symbol s
ias the number of moles of an
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ion i which reacts on the cathode surface per unit Faraday, F. 
Negative sign of si indicates that this ion is formed due to the 
cathode reaction. Since the velocity component of the natural 
convective flow toward the cathode surface, v, is zero at the 
cathode surface, Eq. (A.l) in rewritten at y = 0 as 
c nisz l (o1c)__ id/y=0=-Aciui`du/y=0(A.2) 
where the symbol I represents the electric current. 
    Upon adding Eq. (A.2) regarding each ion after being multi-
plied by a term (zi/ki), respectively, the resultant term in which 
the concentration g dients are involved, AEz.(->0, disap- 
                                                             Y= 
pears because of the condition of electroneutrality: 
Ez.c. = 0(A.3) 
i 1 1 
Then the potential gradient at the cathode surface becomes 
(A.4) 
> (cu;/)f./y,0 
Substitution of Eq. (A.4) in Eq. (A.2) regarding an ion j yields 
the expression of concentration gradient of this ion as 
    a =-Z------js;_c,1,c~AC='•S: (A.5)   (CJ)cy 0AF L • i j /7.c;ut 
The diffusivity of an ion i, k
iand the ionic mobility, ui, are 
interrelated with each other by the well-known Nernst-Einstein
equation of 
 U2 
             k=~
4QokT 
where the symbols k and T are the Boltzmann constant and th 
lute temperature, respectively. SubsLituting Eq. 
(A.5), we have 
   a(ci -ZS_(ziSi/ s)  
    d1'TO-- A~F~~c,(1~(Zzc
L)                        A ~'0
    Furthermore we consider, for example, the electrolysis 
aqueous CuSO4 solution containing H2SO4.Presuming the 
                                                                   - scripts 1, 2, 3 and 4 to represent the ions Cu2+,H+, HSO4 
SO4 , respectively, we have 
sl = 1/2, s2 = s3 = s4 = 0 
z1=2, z2=1, z3 = -1, z4= -2 
Substitution of Eq. (A.8) in Eq. (A.7) yields 
   (dciCct                  2+C3fi)y=oZtC+Ct4C-    ~AF~4~z3~.~-o 
(dez)— ---------Tf2C2  v~~ ZAFki4C)+cz+c3 t4-c4 ~-o 
  c/C31 ---------j 2C3  
  dctfl _-----4C4.  
    oC/ y-02C+C+ C+4-CSc=0    ~AF~~~23~ 
respectively.
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(A.6) 
 e abso- 
      in Eq.
(A.7) 









 Furthermore it is assumed that the dissociation of CuSO
4 into 
Cu2+ and SO4 ions and the first stage dissociation of H
2SO4 into 
H and HSO4ions are complete, and the dissociation of HS0
1-4ion 
 +2- i
nto H ion and SO4 ion is incomplete. Denoting the degree of 
dissociation of HSO4 by a, we have the following equations. 
       c3 11-14.c2(A.12) 
                     a 
         c4 = cl + '+e
tc2(A.13) 
Then the substitution of Eq. (A.12) and (A.13) in Eq. (A.9) through 
(A.12) yields 
   (et(1+e_ a) Czr\  ofY=0'lJ(A.14)                Z(I+al) C-I. i+ a)CIof   l~1z=0 4 
Ct- 
       )y=0Z (1+A )Ci I+2Az~             C------------------------}.() (A.15)                       ,
0=0d 
   C04)=2~ +q)-+ACz  
             C 
                                  .al )(A.16)
 y-02(I+A)Ci 4 (it2A)Cz~-°l—/ ,7,0 
    When we consider the electrolysis of CuSO4 solution contain-
ing an excessive amount of H2SO4 at the cathodic limiting current 
and It is assumed that the degree of the second uLuge dluuoclaLlon 
of H2304 is complete, or, a = 1, it is seen that Eq. (A.14) through 
(A.16) are in coincidence with the following equations which were 
           1) derived by Wagner.
250
 (Az)      ct  Jy=0
etCµ)
y=0








Reference to Appendix A




















                                              251 
              Nomenclature to Appendix A 
 surface area of electrode(cm2) 
 degree of dissociation of HSO4 ion (-) 
 concentration of ionic species i(mol/cm3) 
 elementary electric charge (= 1.602 x 10-~9 coulomb) 
 Faraday constant(= 96,500 coulombs/g-equiv.) 
total electric current(A) 
 Boltzmann constant(= 1.3805 x 10-16erg/K) 
 diffusivity of ionic species i(cm2/sec) 
 number of moles of ionic species i(mol) 
 number of moles of ionic species i which 




ionic mobility of species i(cm2/sec•volt) 
 velocity of natural convective flow in 
horizontal direction(cm/sec) 
 holizontal distance from cathode surface (cm) 





1 Cu2+ ion 
2  H+  ion 
3 HSO4 ion 
it SO ion
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      Appendix B. Measurement of Diffusivity of  CuSO4 in 
                    Aqueous CuSO4 and CuSO4-H
2SO4 Solutions 
                        1. Introduction 
     Among the basic transport parameters used in the mass trans-
fer calculation, the measurement and estimation of diffusivity in 
liquid are supposed to be less developed than the other parameters. 
In contrast to the diffusivity in a gas mixture which is independ-
ent of the partial pressure of the diffusing gas component and is 
precisely estimated by the Chapman-Enskog equation, the diffu-
sivity in liquid is usually dependent on the concentration of dif-
fusing species because of the interaction with solvent, and the 
estimation is extremely difficult: it may only be possible to 
estimate the diffusivity in the extremely lower concentration 
region. In the hiCgher concentration region, on the other 
hand, no appropriate procedure of estimation has been proposed, 
and it may be a wise way to measure them rather than to hope to 
estimate from the theory. 
    In the electrolytic refining of copper, the aqueous solution 
containing CuSO4 and H2SO4 is employed, and the cathodic current
 254 
density is affected by the rate of mass transfer of CuSO4 in the 
cathodic diffusion layer3'4)Then it is indispensable to ob-
tain the diffusivity of CuSO4 for studying the distribution of 
cathodic current densities. 
    Among various experimental procedures of measuring the dif-
fusivity, optical methods such as Schlieren9) and interferometric 
methods6) are prevalent and reliable. A modified Lamm scale 
method using moire pattern8) was employed in the present work. 
The obtained moire pattern represents the profile of the gradient 
of refractive index in the solution caused by the gradient of con-
centration of diffusing species, and the diffusivity at various 
concentrations is easily obtained. 
                       2. Theoretical
     When the diffusivity is dependent on the concentration of 
the diffusing species, Fick's second law of diffusion is repre-
sented in the form of 
  a~ d   =(~ a?c-)(B.l) 
   atax` 
By applying the Boltzmann parameter of 
z' = x/Y(B.2) 
under the following initial and boundary conditions 
     c = c1 (x < 0), c = c2 (x > 0) at t = 0(B.3) 
     c = c1(x->-O°), c = c2 (x 00) at t = t(B.4)
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Eq,  (B.1) is rewritten as 
cz 
         D =-z do/fZ ^de (B.5) 
C1 
orzi 
    D oc--------- fz( )&(B.6)               zt[                 ~dz2=V 
  It is seen from Eq. (B.6) that the diffusivity of the diffusing 
species is calculated from the profile of its concentration gradi-
ent which is established during the course of diffusion under the 
experimental conditions of Eq. (B.3) and (B.4). 
    A moire pattern is composed of the points of intersection be-
tween two groups of parallel lines. When two groups of the 
parallel lines ai and Ai are placed in a slanted position of a 
small angle 0 as shown in Fig. B.1, moire pattern is observed as 
a linear striped pattern represented by the line BB-. When a 
solution having a gradient of refractive index is placed between 
both groups of lines A. and a, at right angles to the lines a., 
the lines a. are shifted to a new position of a:, and the points 
of intersection are moved: for example, point P is shifted to 
point P Consequently, the curved mo:irc pattern of line BC is 
observed. '1'he deviation, v, of the point of interifi.etion from 
P to P" is related to the local gradient of the refractive index, 
n, in the solution as10) 









Fig. B.l Principle of moire pattern
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where k is a constant. Presuming a linear relationship between 
the refractive index of the solution and the concentration of the 
diffusing species, the  deviation v is proportional to the local 
concentration gradient of the species. 
     Substituting the numerical values of v measured from the moire 
pattern in Eq. (3.6), the diffusivity of the species at a position 
x" is obtained: the local concentration gradient of the diffusing 
species at a position x" is related with the deviation v as 
  v = kd
x(B.8) 
Then the integration of Eq. (B.8) under the following boundary 
conditions 
x= co c=c1 
                                                 (B.9) 
x = x- c = c                                 x 
yields 
                          xl 
cx" - Cl = -4/ vdx(B.10) 
-oo 
Furthermore, by integrating Eq. (B.8) between the concentration c1 
and c2, we have 
                                   00 
          c2- c1= +Jvdx (B.11) 
-co 
Eliminating k" from Eq. (B.10) and (B.11), the following equation 




                  Jv-dz 
     c-cl+(cl-c2).--------------o~o(B.12) 
J v- ocx 
The denominator of the second term on the right hand side of Eq. 
(B.12) represents the area between the linear striped moire pat-
terns before and after the start of diffusion. 
                     3. Experimental
             3.1 Experimental Apparatus and Procedure 
     The experimental arrangement is schematically illustrated in 
Fig. B.2. It is composed of an optical system and a thermostat 
in which the diffusion cell is installed. The beam emitted 
from a laser light source was enlarged to a parallel beam of about 
60 mm in diameter and transmitted to the diffusion cell. A 
helium-neon gas laser emitter of 1 mW output was used. Two 
transparent gratings of 100 lines per inch spacing were placed 
Just in front of and in back of the windows of the thermostat at 
a slanted position of about 7° to 10° with each other, and their 
overlapped image forms a moire pattern on a frosted glass plate 
located behind the second grating. 
     In order to avoid any vibration of the diffusion cell immersed 
in the thermostat, water of constant temperature was circulated 
through the thermostat from a separate heater. The diffusion
L  : 























Fig. B.2 Experimental apparatus
VI
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cell used in this work is shown in Fig.  B.3. It is composed 
of a rectangular cell of 6 cm high, 4 cm wide and 0 .6 cm thick 
and a cylindrical glass reservoir of about 14 ml capacity: these 
cell and r.ene:rvoir are linked together with a glann capillary of 
0.1 cm inner diameter. Another glacw capillary of 0 .03 cm in-
ner di.wueLer and 50 cm long wan connected to the upper, end of the 
glass valve of the diffusion cell as an additional hydrodynamic 
resistance in order to reduce the transferring rate of solution 
from the glass reservoir to the diffusion cell. This is for 
minimizing the mixing of the solution near the two-solution inter-
face. 
     Prior to the diffusivity measurement, two aqueous solutions 
of different CuSO4 concentrations were prepared and maintained in 
the thermostat. The solution of lower concentration was poured 
into the diffusion cell to a half height, and the reservoir was 
filled with the solution of higher concentration. A small air 
bubble was left in the glass capillary between diffusion cell and 
reservoir in order to avoid the contact of both solutions. By 
adjusting the opening of the glass valves, the latter solution was 
gently transferred through the capillary from the reservoir to the 
cell due to the difference of static pressure. The solution in 
the cell was pushed up, and the two-solution interface was formed. 
Thus the diffusion of CuSO4 in the upward direction was started. 




Fig. B.3 Diffusion cell
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    Analytical reagent grade  H2SO4 and CuSO4.5H
2O and deionized 
water were used, and the measurement of diffusivity was conducted 
with the solutions mentioned in Table B.1. Experimental tem- 
peraLure in aino nhown in the name table. 
                    3.2 Experimental Reaulto 
    An example of the moire pattern is illustrated in Fig. B.4 
which was filmed during Run 12 shown in Table B.l. The dura-
tion of diffusion was 24,000 sec. The curve that appears on 
the moire pattern represents the local gradient of refractive 
index in the solution. The refractive index of aqueous CuSO4 
and CuSO-H2SO4 solutions of various concentrations was measured 
by using the Abbe refractometer at the temperatures of 25°, 400 
and 55°C prior to the experiment of diffusion, respectively. 
It is seen from Fig. B.5 that the relationship between the refrac-
tive index of the aqueous solution and the concentration of CuSO4 
is linear. Similar linear relationship was obtained in the 
CuSO4-H2SO4 solution at each temperature. Thus it is possible 
to calculate the diffusivity of CuSO4 from the moire pattern by 
applying Eq. (B.6). 
    An example of the concentration profile of CuSO4 is calculated 
from Eq. (B.12) and shown in Fig. B.6. A graphical integration 
of the concentration profile as 
z 
qx = (c -c1)dx(B.13) j  
—oo
Table  B.l Diffusion couples
Composition of higher Composition of lower
concentration solution concentration solution
 (°c)Run Temp.
CuSO (M) H2SO4(M) CuSO(M) H2SO(M)
11 1.00 00 25
12 1.00.6 O0.6 25
13 0.81.2 01.2 25
14 0.721.85 01.85 25
15 1.20 o.6 0 25
21 0.80 O0 4o
22 0.80.6 00.6 4+0
31 0.80 O0 55
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yields the amount of  CuSO4 transferred per unit area at a position 
x. The origin x = 0 is determined from the following mass bal-
ance equation 
  0oo 
      (c - cl)dx = (c2- c)dx(B.14) 
-oo0 
which is also schematically illustrated in Fig. B.6. 
     The concentration profile shown in Fig. B.6 is further trans-
formed into a curve shwon in Fig. B.7 in which CuSO4 concentration 
and i.=  x/VE are taken as the ordinate and abscissa, respectively. 
It is evident from this figure that all concentration profiles 
shown in the figure are represented by a single curve, and the 
concentration is a function of (x//E). Then 
x = k(B.15) 
Dx 
at a fixed concentration. In this equation, k'''. is a constant. 
    The starting time of diffusion was corrected because of the 
unavoidable mixing of the two solutions near the interface at the 
start of diffusion where the solution of higher concentration was 
transferred from the glass reservoir to the diffusion cell. 
     In order to compensate the possible error in the determina-
tion of the origin x = 0, the following procedure was employed. 
Presuming that the determined origin is deviated a distance Ax 
from the true origin, the diffusion lengths (xA + Ax) and (xB + 
Ax) are obtained at two different levels of concentration cA and 
cB, respectively. Substitution of these diffusion lengths in
 2 
0  N 
U 
U
-1 .0 -0 .8 -0 .6 
Fig.
 -0 .4 -0 
B.7 CuSO
4
.2 0 0.2 0.4 
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 Eq. (B.15) yields 
f&X = k„(B .16) 
         DA~.A 
and 
--------;B(B.17)        JPE 
respectively. From Eq. (B.16) and (B.17), 
xA - xB = (k v'- kB~B)V(B.18) 
in which the deviation Ax is not involved. Then it is possible 
to correct the starting time by using the linear relationship be- 
            2 
tween (xA - xB) and t shown in Fig. B.8: the group of straight 
lines obtained at various combinations of CuSO4 concentration pass 
through a common intercept which is apart from the time origin by 
At. By adding At to the measured diffusion time, the diffu-
sivity was calculated. 
    The measured diffusivities in the solutions mentioned in 
Table B.1 are summarized in Fig. B.9, B.10 and B.11. 
1.. Discussion 
     In order to ascertain the reliability of the measurement in 
the present work, it is necessary to investigate the correction 
of the starting time. The obtained time corrections At are 
summarized in Table B.2. In order to further examine these 
time corrections, holographic interferogramsll) were filmed in 
the vicinity of the two-solution interface. It is demonstrated
270
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in Fig. B.12 through B. 14. 
    Figure B.12 was filmed just after the passage of the air bub-
ble through the diffusion cell: it is seen that the air bubble is 
escaping from the center of solution surface. A trivial dis-
turbance of interference fringes is observed along the rising 
path of the bubble: this is caused by the mixing of the solution 
of higher concentration accompanied by the air bubble. Figure 
B.13 was filmed at 32 sec after the passage of the bubble. It 
is seen that the disturbance of fringes almost disappears and 
that the two-solution interface is being formed: curved fringes 
are observed at the bottom of the diffusion cell. Third holo-
graphic interferogram was taken at 240 sec after the passage of 
bubble and is illustrated in Fig. B.l4. It is seen that a dif-
fusion zone of 0.5 to 0.6 cm thickness is formed at the interface. 
     It is possible to estimate an approximate value of At from 
the holographic interferograms under the assumption that the dif-
fusivity is unvaried. An enlarged holographic interferogram 
of the diffusion zone is demonstrated in Fig. B.15 which was 
filmed at 1,800 sec after the start of diffusion. With the 
procedure shown in this figure, the distance x which corresponds 
to a constant concentration difference was measured at different 
diffusion times between 600 and 36,000 sec, and x2 was plotted 
against t. By applying the least squares method, the inter-
cept at x = 0 was calculated, and At = -138 sec was obtained. 
This value of time correction is in the same order of magnitude
 Fig.
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Fig. B.13 Holographic 























Fig. B.14 Holographic 
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as those mentioned in Table B.2.It may be said that the ob-
tained values of time correction are reasonable. 
     It was already mentioned that the graphical integration of a 
 moire pattern was carried out in order to obtain the diffusivity. 
The precision of this graphical integration was also examined: the 
devint:Lon of moir.c pal;tcrn wn.n independently measured by three 
individuales, andthe obtained diffusivities were comapred with 
each other. It was revealed that these diffusivities coincided 
very well within the experimental error-
     It was also supposed that the precision of the deviation 
measurement is lowered in the region where the concentration gra-
dient is small. In order to examine this, the diffusivity was 
tried to be measured with two diffusion couples of 0.6M CuSO14 so-
lution-1.2M CuSOIt solution (Run 15) and H20-1.0M CuSOsolution 
(Run 11), and the obtained diffusivities were compared. As 
seen in Fig. 3.16, the difference of diffusivities at about 0.6M 
CuSO4 is very minor, and the possible error of measurement in the 
region of small concentration gradient is omitted. 
     As seen in Fig. B.9, B.10 and B.11, the diffusivity of CuSO1 
is more dependent on CuSO14 concentration in the lower concentra-
tion region in aqueous CuSO4 solution than in the higher concen-
tration region: the numerical values of diffusivity are in good 
coincidence with the diffusivity obtained by Cole12) using a sin-
tered glass disphragm in the lower concentration region. 
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Fig. B.17 Arrhenius plot of 
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 CuSO4-H2SO4 solutions whose H2SO4 concentration is 0.6 and 1.2M,
respectively, is higher than the diffusivity in the aqueous CuSO4 
solution. The higher diffusivity in aqueous CuSO4-H2SO4 solu-
tions is thought to be attributed to the presence of large amount 
of H+ ion in the solution; the local electroneutrality accompanied 
by the diffusion of Cu2+ ion is easily attained, and the inter- 
action between Cu2+ and SO4 ions is reduced. 
    When H2SO4 concentration is further raised, on the contrary, 
the diffusivity is lowered: the diffusivity in the solution con-
taining CuSO4 and 1.85M H2SO4 solution is slightly lower. This 
phenomenon wasalso observed by Cole12) The lowered iffu-
sivity in this solution is supposed to be caused by the increased 
viscosity. 
     In order to obtain the activation energy, the diffusivity of 
CuSO was measured at 25°, 4+0° and 55°C in the aqueous CuSO14and 
CuSO4-0.6M H2SO4 solutions, respectively. Arrhenius plots are 
demonstrated in Fig. B.17. The activation energies in these 
two solutions are 3.6 and 4.6 kcal/mol, respectively, which are 
again in good coincidence with the reported values6,13) 
                       5. Summary 
    The diffusivity of CuSO4 in the aqueous solutions containing 
CuSO4 and CuSO4-H2SO4 was measured by the modified Lamm scale 
method using moire pattern. In order to reduce the error of
                                                  28 
the measurement, a few improvements were made. 
     Firstly, an additional hydrodynamicresistance was attached 
to the diffusion cell in order to reduce the transferring rate of 
the solution to the cell, thus minimizing the mixing of solutions 
near the two-solution interface. It was confirmed with the 
holographic interferometry that the mixing of the solutions at the 
start of diffusion was reduced to a large extent. The time 
correction  At was calculated from the plot of (xA - xB)2 vs. t in 
which the possible deviation ix was not involved. Thus the re-
producibility of the measurement was significantly improved. 
     Secondly, the precision in the graphical integration of the 
moire. pattern was examined: it was revealed that the diffusivities 
independently calculated by three individuals coincided very well 
within the experimental error and that the possible error of the 
measurement in the region of small concentration gradient was 
very minor. 
     The obtained diffusivities were in excellent agreement with 
those of the previous workers. The diffusivity becomes higher 
when H2SO4 is added to the aqueous CuSO4 solution, and it de-
creases again when the H2SO4 concentration is higher. The ob-
tained activation energies of diffusion were 3.6 and 4.6 kcal/mol 
in the aqueous CuSO4 and CuSO4-0.6M H2SO4 solutions, respectively, 
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         Nomenclature to Appendix B 
concentration of CuSO4 
concentration of CuSO4 in the solution of 
lower concentration 
concentration of CuSO4 in the solution of 
higher concentration 
concentration of CuSO4 at x = x-
diffusivity of CuSO4 
diffusivity of CuSO4 at c = cA 
diffusivity of CuSO4 at c = cB 
proportionality constant between v and 
local gradient of refractive index 
proportionality constant between v and 
local gradient of concentration 
constants 
refractive index of solution 
time , 
deviation from a linear striped moire pattern 
vertical distance from two-solution interface 
vertical distance at c = c
x, from two- 
solution interface 
diffusion length at c = cA 
diffusion length at c = cB 
























Appondl.x C. 1)initoc:l uL l oii o:C If, 11 
     Complete dissociation of H2SO4 intoH+ and SO4 ions was of-
ten assumed in the previous works1,2) on the ionic mass transfer 
in the cathodic diffusion layer during the electrolysis of aqueous 
solution containing CuSO4 and H2SO4. It is well known, on the 
other hand, that H2SO4 is dissociated in two steps among which the 
first stage dissociation of H2SO4 into H+ and HSO4 ions is com- 
plete and the second stage dissociation of HSO4 into H+and SO4 
ions is incomplete in the aqueous H2SO4 solution of higher concen-
trations. Since the dissociation of H2SO4 plays an important 
role in the studies on the ionic mass transfer in the cathodic 
diffusion layer of aqueous CuSO4-H2SO4 solution, the dissociation 
of H2SO4 was further studied in the present work in the aqueous 
CuSO4-H2SO4 solutions on the basis of the works of Young et al. 
and Hsueh and Newman. 
     The dissociation constant of HSO4 ion into H+ and SO4 ions 
defined by the following equation is reported as4) 
Q H* Q SQ4.2 
     KHSO= 0.01(C.1) 
4a }fSDy: 
at 25°C. The dissociation constant, KHSO, in this equation 
                                4
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is a thermodynamic dissociation constant and it is related to the 
apparent dissociation  constant expressed with the ionic concentra-
tion as 
                          cH+•cSO2- 
                     4
     KHSO




HSO4= KHSO- fH+•f2-(C.3)                            SO
4 
where fi is the activity coefficient of the ionic species i. 
Then KHSO- is a function of the true ionic strength of the solu- 
      4 
tion in the form of 
I =--Lc. z2(C.4) 
               r ,2i1 1 
where c. is the equilibrium concentration of the ionic species i 
which is determined by the dissociation equilibrium of HSO4. 
     Young et al3) measured the concentration of IISO4 in the aque-
ous H2SO4 solution of various concentrations by applying a tech-
nique of Raman spectral analysis. Hsueh and Newman corre-
lated KHSO- obtained from the Raman spectral analysis with the 
       4 
true ionic strength in the form of the following expression. 
It is 




- 1 + 0.56~ 
By applying Eq. (C.5), the degree of the second stage dissociation
290
of  H2SO4 in the aqueous solutions employed in the present work 
was calculated. The results of calculation are summarized in 
Table C.1. In this table the notation a represents the degree 
of the necond stage dissociation of 110( CI. IL wan Curtlhrr nn-
sumed in this calculation that H2SO4 is completely dissociated 
into H+ and I-ISO4ions in the first stage of dissociation. 
     It is seen from this table that HSO4 ion is not completely 
dissociated but the degree of the second stage dissociation is 
only about 0.3.
Table  C.1 The apparent dissociation constant of HSO4 ion 
and the degree of dissociation of HSO4 ion in 
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       Nomenclature to Appendix C 
degree of dissociation of HSO1 ion 
activity of H+ ion 
activity of HSO4 ion 
activity of SO4 ion 
concentration of ionic species i 
concentration of H+ ion 
concentration of HSO4 ion 
concentration of SO4 ion 
activity coefficient of H+ ion 
activity coefficient of HSO14 ion 
activity coefficient of SO4 ion 
true ionic strength 
thermodynamic dissociation constant 
apparent dissociation constant 


















Appendix D. 1)cnnificaLiou Coefficient, of 1I+ Ton in 
the Integrated Navier-Stokes Equation
     When the electrolysis takes place with the vertical plane 
electrodes installed in an unstirred solution containing CuSO)4 
and H2SO4' the integrated Navier-Stokes equation for the natural 
convective flow along the cathode surface is expressed by the fol-
lowing equation. It is 
     f2dy= algf(ci- *c1)dy + a2gi(c2- * )dy - 
(D.l) 
where the subscripts 1 and 2 denote Cu2+ and H+ ions, respectively, 
The first and second terms on the right-hand side of Eq. (D.1) re-
present the buoyancy force acting on an infinitesimal volume ele-
ment of the solution in the cathodic diffusion layer. The 
buoyancy force is determined solely by the density difference of 
the solution between the diffusion layer and the bulk-electrolyte. 
    The density of an aqueous solution is a function of the com-
position of this solution. With regard to an aqueous solution 
containing CuSO4 and H2S014, the density is determined by the con-
centrations of Cu2+ ion and H+ ion even though the solution con-
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tains four types of ions, Cu2+, H+, HSO4 and SO-'It is be- 
cause the concentrations of these ions are to satisfy the relation-
ships of the electroneutrality and the dissociation equilibrium of 
 HSO1 into H and SO4 ions. 
     The densification coefficients with which the concentration 
of a certain species is related to the density of the solution 
are measured and represented by the salt concentration such as 
CC
uSOandcHSO: they are defined as follows.  4 2I 
                __  a en P  
CuSO a C sou 
(D.2) 
aIAP  13
H2SO4 a C H
2SO4 
Assuming that the dissociation of CuSO4 is complete, the densi-
fication coefficient of Cu2+ ion, a, is demonstrated as
al aCuSO(D.3) 4 
It is known, on the other hand, regarding H2SO4 that the first 
stage dissociation is complete and the second stage dissociation 
is incomplete. Presuming that the degree of the second stage 
dissociation is denoted by a, the densification coefficient ofII+ 
ion, a2' is related to allCOan 
                         2 Li 
      a2






















             Nomenclature of Appendix D 
    degree of dissociation of HSO4 ion 
    concentration of Cu2+ ion 
    concentration of H+ ion 
    concentration of Cu2+ ion in the bulk- 
    electrolyte 
    concentration of H+ ion in the bulk- 
    electrolyte 
    concentration of CuSO4 
    concentration of H2SO4 
    gravitational acceleration 
    thickness of hydrodynamic boundary layer 
    velocity of upward natural convective
    flow 
    height from lower edge of cathode 
    horizontal distance from cathode surface 
Letters 
    densification coefficient of Cu2+ ion 
(= dlnp/dcl) 
   densification coefficient of H+ ion 
(= dlnp/dc2 ) 
   densification coefficient of CuSO4 























densification coefficient of H2SO4 
(= dlnp/dCH SO ) 
2 4 
kinematic viscosity of bulk-electrolyte 
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